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FOREWORD

This document is the concluding report of Task II, Experiment
Specification, of the Laser Space Communications System (LACE) Study.
Tt was prepared by the Space and Information Systems Division of
North American Aviation, Inc. This report is submitted in accordance

with requirements of Contract NASw-977, Supplemental Agreement, dated

15 February 1965.
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ABSTRACT

This document comprises the conclusion of Task II, Experiment
Specification, of the Laser Space Communications System (LACE) Study.
As such, it is a continuation and expansion of earlier published work

under this same contract.

The areas of study covered in this report include: (1) the des-
cription of 2 measurement approach based upon the integration of

optical effects, experimental variables, and basic interpretations of

beam fluctuations; (2) the establishment of experiment and measurement
requirements based upon a detailed accuracy analysis of each experi-
mental approach; and (3) the analysis of alternate approaches to the

experiment design.

- iii -
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INTRODUCTION

SCOPE

The overall objective of the Laser Space Communications System (LACE)
Study is to provide a plan for the implementation of a comprehensive experi-
mental program to determine atmospheric effects on laser propagation, with
particular emphasis on effects related to optical space-ground communication.
The present study effort is a continuation and expansion of earlier work
under this contract and is divided into four tasks: Task I, Problem Definition;
Task II, Experiment Specification; Task III, System Implementation Study; and
Task IV, Program Specification. The results of all four tasks also will be

summarized in a final report.

This report is concerned with the conclusion of earlier effort initiated
under Task II. The earlier contractual effort on this task (Reference 1)
concentrated on the design of experiments to satisfy requirements defined in
Task I. This effort included the discussion of the significance of a number
of recommended experiments, methods of measurements, pertinent test signals and

analysis, and associated block diagrams for each concept.

The areas of investigation included in this report were established with
the following objectives: (1) the description of a measurement approach based
upon the integration of optical effects, experimental variables, and basic
interpretations of beam fluctuations; (2) the establishment of experiment and
measurement requirements based upon a detailed accuracy analysis of each
experimental approach; and (3) the analysis of alternate approaches to the

experiment design,
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SUMMARY OF CONTENTS AND CONCLUSIONS

The measurement approach section includes a generalized discussion of
the interrelationships between the optical effects, experimental variables
and individual variables, Also included in this section is a limited dis-
cussion of some basic interpretations of beam fluctuations in a turbulent
atmosphere; a glossary of terms related to this area of study: and proposed

modifications in the approach to the meteorological experiments.

The Experimental Description, Requirements, and Accuracy Analysis Section
contains a detailed discussion of each of the experimental approaches. Each
experiment is presented as a separate package and includes: 1) the objective;
2) experimental procedure (including a block diagram); 3) a description and
discussion of the experiment; L) a summary of all the experimental errors;

5) a detailed error analysis; and 6) a measurement analysis.

The main error sources discussed are the result of the following component
and implementation considerations: beam splitters; piezo electric crystals;
entrance aperture; signal to noise and gain; background; measurement time and
number of measurements; mechanical vibration; tracking; circuitry maladjustments;
modulators; and spot size. The analysis for experiment 1 is treated in con-
siderably more detail than the remaining experiments as it provided the basis
for some of the later analysis and derivations. Since experiment 18 (Com-
munication Link Error Rate) is mainly a system test it has not been treated

further in the present Task II report, but will be covered under Task III.
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MEASUREMENT APPROACH

The purpose of this section is to provide a smooth transition between the
detailed theoretical work of Task I, Problem Definition, and the more applied
relationships of the experiment specification. Therefore, this section con-
tains a discussion of atmospheric optical effects and experimental variables
as they relate to the recommended experiments. Also included is an inter-
pretation of beam fluctuations and a glossary of terms, which together
summarize some of the basic concepts and definitions. Lastly, a discussion
is presented on the utilization of meteorological data, and justification for

the modification of previously specified meteorological experiments.

OPTICAL EFFECTS AND EXPERIMENTAL VARIABLES

The principal atmospheric optical effects affecting laser space
commnications are scattering and absorption by atmospheric gases and
suspended liquid and solid particles, and the random modulation of the
amplitude, phase, and polarization of the laser beam by refractive index
inhomogeneities produced by atmospheric turbulence. The chart of Figure 1
exhibits the relationship of the experiments to these effects. The rounded
boxes contain general effects. The rectangular boxes contain particular
effects, such as random modulation of amplitude, phase, and polarization;
particular factors, such as the sun and the moon; and the combined results
on systems, such as link effects. The hexagonal boxes contain the numbers

of particular experiments and terms describing the distinguishing features.
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ATMOSPHERIC OPTICAL EFFECTS

C Scattering ) < Absorption )
Backscatter 12
Transmittance -

-———@y Radiance 12 Sun, Moon
< Random Modulation )

Polarization

Polarization ll)

L Amplitude Phase

Autocorreiation 1,3 _(Structure function 1, 2)
function ’ ‘
_< Frequency Spreading 5 )

_(Het.erodyne equivalent 7 )
—— Angular fluctuations 8 )
— Spread function 9 )
—— Beam spreading 10 )

€ stationarity 4 )—
(Aperture size 6)—

Link Effects |

—<__Bit Error Rate 18 )

Figure 1. Relationship of Experiments to
Atmospheric Optical Effects
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As the figure shows, most of the experiments deal with various aspects of
amplitude and phase fluctuations. One each is allocated to polarization
fluctuations, communication link effects produced by amplitude and phase

fluctuations, and the better known area of absorption and scattering phenomena.

The four amplitude fluctuation experiments are concerned with the
statistics of the fluctuations as exemplified by the spatial autocorrelation
function of the logarithm of the amplitude, with the stationarity and isotropy
of the statistics, and with the modification of them by the entrance aperture

of the optical system.

The seven phase fluctuation measurements look at the phase fluctuations
from the point of view of the spatial structure function, frequency spreading
of the laser line, heterodyne efficiency, angular fluctuations, atmospheric

spread function, and beam spreading.

The communication links effect experiment, which measures bit error rates,

is concerned with the systems effects of amplitude and phase fluctuations.

The scattering and absorption experiment measures backscatter,
transmittance, and sky radiance. The last mentioned depends upon the relative
positions of extraneous light sources, such as the sun during the day and the

moon at night.

Some of the variables common to all the experiments are listed as follows.

SID 65-1275
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Environment lLaser Beam Receiver Path
Synoptic conditions Wavelength Aperture size Length
Local weather Radiant intensity | and shape Zenith angle
Terrain features Distribution Detector time Height
constant Motion rela-
tive to air

The environment is the atmosphere, which can be described in terms of
synoptic, or large-scale weather conditions, local conditions, and terrain
features which affect the atmosphere. Important laser beam parameters are
the wavelength and the distribution of radiant intensity as a function of
angle off the beam axis. The principal characteristics of the receiver are
the size and shape of the entrance aperture and the detector time constant.
Significant features of the optical path are its length, zenith angle, height
above the ground, and motion relative to the air. The relative motion, which
affects the fluctuation temporal spectrum, depends upon wind speed and the

velocities of the transmitter and receiver.

Other variables are important for particular experiments - the separation
of the two apertures in the correlation and structure function measurements
and the polarization in the polarization experiment. These special variables

are revealed in the experiments in which they apply.

INTERPRETATION OF BEAM FLUCTUATIONS
A laser beam passing through the atmosphere is disturbed both spatially
and temporally. The beam can be regarded as an electromagnetic wave, and the

disturbances are interpreted in terms of wave properties.

-6 -
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Let us consider how the electric field of the wave looks in a plane
perpendicular to the unperturbed direction of propagation, neglecting the
polarization of the wave for the sake of simplicity. The electric field of
the unperturbed wave would be a periodic function of time so it can be

expressed in the form

F(t) = A cos (2mvt + %),

where F is field strength, t is time, A is the amplitude, v is the frequency,
and ¢ is the phase angle. The atmosphere introduces spatial and temporal
variations into A and ¢. At a fixed point in the plane, the perturbed wave
exhibits irregular temporal variations of A and ¢ at frequencies in the range
of 1 to 1000 cps. At a fixed instant, A and ¢ vary in an irregular manner
from point to point throughout the plane. In sum, the amplitude and phase

angle have become random functions of space and time.

The properties of the random amplitude and phase angle are best described
statistically. In this connection, different averaging procedures may be
used., Because A and ¢ are functions of space and time, we can average with
respect to space, time, or both together. 1In addition, we can sort values
into groups, or ensembles, according to some criterion, and we can ensemble-
average by taking the average of an ensemble. Theoretical discvssions fre-
qQuently employ an idealized form of ensemble averaging. In the following, we

shall employ temporal averaging, which we shall designate by an overbar.

SID 65-1275
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A fluctuation is the continually changing deviation from the average

value. Thus, the phase fluctuation A¢ is defined by the relation

d =o + Ao,

Likewise, the amplitude fluctuation AA is given by

A=K+AA.

The theoretical treatments often deal with log A, the natural logarithm of A,
rather than with A itself. Then L, the log amplitude fluctuation, is

specified by

= log A - log A,= log (A/Ao),

where A: is equal to <A2> and proportional to the average irradiance.

The probability distribution function is one of the properties of interest.
This function describes the probability that the value of the fluctuation does
not exceed a specified value. For example, if the probability distribution
function P(X) of the fluctuation quantity X if normal, or gaussian, it is
given by

1 X
P(X) =\/z—;},/ exp - X_go_zdx .

In the present situation, X could be A¢ or L.

SID 65-1275
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To describe the beam fluctuations more fully, we must state the
relationships between simultaneous fluctuations at two different points in
the plane perpendicular to the direction of propagation. This is commonly
done in terms of either correlation functions or structure functions. Let
the coordinates x and y describe position in the plane, with subscripts to
identify a particuiar point and the fluctuation quantities at it. For
example, we assume that A¢, and L, and A®, and L, are the fluctuations
occurring at the same time at the points (x,, y,) and (x,, y,) respectively.
Then the phase autocorrelation function C¢q) and the log amplitude auto-

correlation function Cyy, are defined by the relations
Cop = AP A,

C = L, L
LL L S
In general, the autocorrelation functions in the plane are functions

’

of the four coordinates x,, v,, X,, and y,. In some circumstances, however,
average values are independent of position, and the random field in the plane

is then said to be homogeneous. For example, the phase fluctuations are

homogeneous in the plane ifa;, (¢)2, and C4 4 are independent of position.
In this case C would reduce to a function of the coordinate differences
x, - x,and y, - v, - The random field in the plane is statistically iso-
tropic if it is independent of direction as well as being homogeneous.
Then the autocorrelation function becomes a function of the distance

between the two points, which is given by

P = \/(:x2 - x,)2 + (v, -7, )2
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Obviously, the isotropic field is the simplest because the autocorrelation

function is a function of only one variable.

Even though the random field of the fluctuations is not homogeneous, it
may approximate to homogeneity at small separations between the two points.
The field is then said to be locally homogeneous, that is, homogeneous
within a small region. Likewise, local isotropy may exist within a locally

homogeneous region.

Closely related to the autocorrelation function is the structure function,
which is defined as the mean value of the square of the difference between the
fluctuating quantities at two points. In particular, the phase structure

function is given by

Do = (¢, - 4,)°

In an isotropic field or in a locally isotropic area, the phase structure
function becomes a function of P which is related to the autocorrelation

function as

D ¢(p) =2 Coo(0) - C¢¢(P)] ’

since

Coa(0) = (Aad)”

Instead of considering the fluctuations at two points at the same time,
we might wish to consider them at the same point at two different instants.

The random field is said to be stationary if the average values are independent

- 10 -
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of time. Then, the temporal autocorrelation function is a function of the
interval between the two instants. For example, the amplitude autocorrelation

function is given by

CAA(T) =AA (t)AA (t +T)

where t and t + T are the two instants considered. Then the temporal power

spectrum wA(f) of the amplitude fluctuations is given by

wh(f) = blEQAf\(T) cos(2w f 1)d T,

where f is frequency, as in cycles per second. The power spectrum indicates

how the fluctuations are distributed among different frequencies.

To recapitulate, the atmosphere perturbs laser beams passing through, and
these perturbations can be regarded as fluctuations in the amplitude and phase
of an electromagnetic wave. The statistical properties of these fluctuations
represent the quantities to be derived from theory and to be determined by
experiment. Among these properties are the probability distribution functions,
correlation functions, structure functions, and the power spectra of the

amplitude and phase fluctuations.

Other disturbances are produced in addition to amplitude and phase
fluctuations. Some of these, such as the loss of coherence and directional
fluctuations, might be regarded as more involved functions of the phase
fluctuations. On the other hand, the possibility of polarization fluctuations
would require treating the electromagnetic wave as a vector rather than a

scalar.

-1 - ‘
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In interpreting measurements of the beam fluctuations, we should consider
that the instruments themselves perform averaging and smoothing of the fluc-
tuations. For example, the optical receiver collects the light included
within the entrance aperture and focuses it to a small image upon the
detector. The result is to spatially average the fluctuations over the
area of the aperture. The detector has a finite speed of response or a time
constant, which causes higher frequencies to be averaged out. Consequently,

aperture area and time constant must be considered as experimental parameters.

GLOSSARY OF TERMS

During the conduct of this task, it became evident that a glossary of
terms and expressions associated with the study of optical propagations
through a turbulent medium would be desirable. For this reason, a brief
listing hes been compiled of some of the terms most commonly used in this
analysis. It is recognized that this listing is not complete and also
contains some elementary definitions. However, it was felt that this would
not detract from its overall usefulness in improving the clarity of the
report; and in providing the beginning of a more comprehensive set of

definitions and nomenclature on this subject.

-12 -
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Glossary

Amplitude - magnitude of electromagnetic wave, such as A of A cos (wt + ¢).
Aperture - opening, such as entrance aperture of optical system.

Autocorrelation function -~ averaged product of two values of the same
variable, such as at two different points, instants, or both.

Averaging brackets -~ angular brackets < > wused to indicate averaging of
included quantity.

Bessel function - mathematical function of which those of first kind and
zero or first order are designated by J, and J, respectively.

Characteristic length r, - particular argument of structure function D(p)
such that D(r;) corrects measured autocorrelation function for finite size
of aperture.

Correlation function - interchangeable with autocorrelation function in
present context.

Correlation length - separation of points at which spatial autocorrelation
vanishes. An isotropic autocorrelation function approaches a maximum
value C(0) as P approaches zero, and it decreases toward zero, not
necessarily monotonically, as P goes to infinity. We can specify a scale
in terms of the value of P which first reduces C{ P ) to zero or to some
fraction of C(0), such a 1/e or 1/2. For example, suppose that C(L.)
equals the first zero and succeeding oscillations become successively
smaller. The quantity L, is called the correlation length or distance.
The correlation is large for P less than L, and small for greater than

L

c»> and the fluctuations become uncorrelated for p much greater than L.

- 13 -
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Correlation time - time difference at which temporal autocorrelation
vanishes. The correlation time of a stationary autocorrelation function
is analogous to the correlation distance of an isotropic autocorrelation
function. The maximum value is C(0), and the correlation time T, is the
value of T which first reduces C( T ) to zero or some fraction of C(0).

Correlation variables - independent variables of correlation or structure
functions, such as separation distance P or time difference T .

Fluctuation - deviation of random variable from the average value.

Flux, radiant - radiant energy per unit time, synonymous with radiant
power; standard symbol is P.

Frequency - rate of recurrence of periodic variable, expressed by f for
cycles per unit time or w for radians per unit time.

Frequency spreading - change in frequency A f produced by propagation
through turbulent air.

Fresnel lens - a diffracting screen which focuses a point source of light,
also known as a zone plate.

Homogeneity - Property of random field such that spatial autocorrelation or
structure function depends upon vector separation P and not upon partic-
ular points.,

Intensity, radiant - radiant power per unit solid angle, standard symbol J.
Intensity is sometimes used in other senses, such as for irradiance.

Irradiance - radiant power incident per unit area, standard symbol H.

Isotropy =~ property of homogeneous random field such that spatial
autocorrelation or structure function depends on distance P separating

points regardless of direction.

-1 -
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log - abbreviation for logarithm, to the base e in present context.

Log amplitude - logarithm of amplitude A, designated by L.

Log amplitude correlation function - autocorrelation function of L, expressed
bty Crpr(e) or Crp(+) or Cyp(e,7) .

Log amplitude structure function - structure function of L, expressed by

D;1(P) .

Optical transfer function - fourier transform of spread function of lens
or atmosphere.

Overlap area - common area of two overlapping circles, designated by Ko(r).

Phase - argument wt + ¢ of cos (wt +¢), often used to refer to phase

angle ¢ alone.

Phase angle - angle ¢ in cos (wt +9¢) ,
‘ Phase correlation function - autocorrelation function of ¢, expressed by
C¢¢( P).
Phase difference - ¢, = $, - ¢, ,where 4, and ¢, are phase angles

at two different points or instants.

Phase structure function - mean square value of &, , expressed by Dgg(P) .

Folarization - property indicative of direction of electric field in
electromagnetic wave.

Folarization angle -~ the angle x indicating the rotation of the plane of
polarization of the turbulent air.

Power, radiant - energy per unit time, synonymous with radiant flux, standard
symbol P. The following distinctions are made in the text: F,, - measured,
received power including signal power P from the laser and background

P 5 P, - power sent out frcm laser transmitter; F. - power received within

b
| . circular pinhole of radius r.

- 15 -
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Reflectance, radiant - ratio of "reflected" radiant power to incident
radiant power, standard symbol P .

Separation distance - distance P between two points, which is the independent
variable of isotropic correlation or structure functions.

Separation vector - directed distance P between two points, which is the
independent variable of homogeneous but anisotropic correlation or
structure functions.

Spatial correlation function - depends upon simultaneous values at two
different points, may be homogeneous and/or isotropic. An example is
Crr(P) .

Spread function - description of distribution of irradiance in image of
point source, designated by S(x, v).

Stationarity - property of random field such that temporal autocorrelation
or structure function depends on time difference v and not upon
particular times. An example is CLL(T).

Strehl definition - ratio of irradiance at center of diffraction pattern to
irradiance in absence of aberrations, designated by O .

Structure function - mean square value of difference of random variable at
two points or two instants, such as phase structure functions D¢¢(P),
and D¢¢(T).

Temporal correlation function - depends upon values at the same point at two
different instants, such as CLIKT)'

Time difference - independent variable of stationary temporal correlation
or structure function, denoted by T,

Transmittance, radiant - ratio of "transmitted" radiant power to incident
radiant power, standard symbol T ,

VCO output phase - phase angle ¥ of voltage-controlled, variable-frequency

oscillator. - 16 - SID 65-1275
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UTILIZATION OF METEOROLOGICAL DATA

Meteorological data for synoptic and local conditions can be used to
identify experimental situations for the classification of results, and to
provide a basis for statistical analysis of correlations between optical
effects and meteorological parameters. The meteorological data are common
to the optical effects which are to be investigated and should noct be con-

sidered as subjects for separate experiments.

In conjunction with any number of optical effects experiments at a given
site, it is recommended that atmospheric conditions be identified by a Weather
Bureau summary of synoptic conditions and by visual observations at the site.

The Weather Bureau summary should identify the air masses present over the

areas covered by the experiment and should describe pressure patterns, fronts,
Jet streams, and associated weather. In addition, at the ground terminal

visual observations should be made of cloud types, heights, and cover; visibility
and the appearance of the sky; weather phenomena, such as fog and precipitation;

and measurements of temp., pressure, humidity, wind speed, direction, and gusts.

The principal use of the meteorological data is to identify the experimental
situations. This identification provides a basis for classifying experiments
made at different times and different places and for estimating how represent-
ative the experimental results are. However, the meteorological data do not
determine the optical effects except in a statistical way. The second use of
the meteorological data, which depends upon the accumulation of optical data
for achievement, is to find statistical relationships between meteorological
conditions and optical effects. For example, correlations might be found with

air mass type, pressure patterns, fronts, jet streams, or strong winds.

-17 -
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Ordinary meteorological measurements do not really specify the optical
properties of the atmosphere. For example, turbulent optical propacation is
determined by refractive index fluctuations. These depend upon temperature
fluctuations, which are related to wind shear and temperature lapse rate in
the surface layer of the atmosphere. However, a definite relationship is not
yet established between the statistics of the refractive index fluctuations
and ordinary meteorological variables, and extraordinary instrumentation is
required to determine refractive index fluctuations by means of temperature

fluctuation measurements.

Performing extraordinary measurements to determine the optical properties
of the atmosphere corresponding to optical experiments would be of scientific
value in providing a rigorous test of theory, but it may be beyond the scope
of the IACE program. Presumably, the designer wants to know the magnitude
of various optical effects, representative values, and the range of values
associated with different sites. Therefore, sufficimnt and adequate

meteorological data should be collected to satisfy the designers requirements.

MODIFICATION OF PROPOSED METEOROLOGICAL EXPERIMENTS

Reconsideration of the experiments previously proposed as numbers 13 to
17 inclusive (Reference 1) reveals that they are concerned with identifying
atmospheric conditions whereas the other experiments deal with the optical
effects of atmospheric conditions. This identification of atmospheric con-
ditions is desirable for all the optical experiments. In recognition of this
commonality, we have stopped designating meteorological measurements as

separate experiments, and we have incorporated experiments 13 to 17 with the

others.

- 18 -
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Experiment number 12 on backscatter now includes the measurements of sky
radiance and atmospheric transmittance suggested previously in experiment 13.
Part of the reason for the transfer is that the backscatter setup requires
very little adaptation to measure these additional quantities. Sky radiance
is measured with the laser off, Atmospheric transmittance of a certain length
of atmosphere is inferred from the laser light returned by a retro-reflector

placed at that distance from the backscatter setup.

The procedures recommended in experiments 14 and 15 are to be followed
in identifying the environment for experiment 18 and experiments 1 through 12.
In particular, Weather Bureau summaries of synoptic meteorological conditions

are to be utilized, supplemented by local observations of visibility and clouds.

The measurements of experiment 16 should be carried out in conjunction with
experiment 1 or 2 and 3, and the procedures of experiment 17, suggested as a
very limited alternative to experiment 16, can be dropped. The gist of
experiment 16 was to determine the statistics of the refractive index in-
homogeneities'from measurements of atmospheric temperature fluctuations,
temperature, pressure, and humidity. The refractive index statistics would
provide a test of analytic models of the turbulent atmosphere and a test of
the propagation theories by providing input data for the theoretical formulas

to see whether they give the same optical effects as are measured.

The utilization of meteorological data and the assessment of refractive
index statistics by means of temperature fluctuation measurements will be

discussed more fully in the systems implementation study.
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EXPERIMENT DESCRIPTION, REQUIREMENTS

AND ACCURACY ANALYSIS

Each experiment that was previously specified under this task in
Reference 1 , has been completely reevaluated and in some cases redefined.
The main emphasis has been devoted toward a thorough analysis of the ex-
perimental errors so that firm requirements for the measurement program
implementation could be determined. This has resulted in the establish-
ment of experimental approaches, for obtaining the required measurements,
which are general enough to allow some flexibility in the choice of a
final design for the implementation. In many cases a number of alternate

approaches are suggested,

This material in this section is organized in such a way that each
experiment is an integral package. For each experiment a summary of the
specifications analysis is presented first, and this is followed by a

detailed discussion of the measurement and error analysis.

MEASUREMENT OF SPATIAL AND TEMPORAL LOGARITHMIC AMPLITUDE CORRELATION

FUNCTION AND PHASE STRUCTURE FUNCTION - EXPERIMENT NO. 1

OBJECTIVE
To obtain the spatial and temporal statistics of amplitude and phase

of coherent (laser) light after propagation through the atmosphere.

EXPERIMENTAL PROCEDURE (Figure 2)

Description
The laser beam is sampled at two points x and X + E lying in its

cross-section, By placing a square wave driven, mirrored piezoelectric

-~ 20 -
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crystal in one channel and using a beam splitter in both, the two waves can
be mixed on the surfaces of two photomultiplier tubes. Due to the crystals
motion, the outputs of these tubes will alternately have O, + 90 and 180

degree phase differences. The signals so derived are used to calculate the
phase difference and the individual amplitudes of the field at the sampling

holes. From this data the desired statistics may be calculated.

Discussion

The information that could be gained from this experiment is substan-
tial, but its implementation would be quite difficult. Knowledge of the
phase structure function D¢¢ (p) will be beneficial in proving or dis-
proving various theoretical works as well as providing an insight into
design problems involving heterodyne systems. The difficulty in implemen-
tation is such that very poor results would be obtained if the phase
difference is greatly affected by environmental and instrumentation
variations. This means that mechanically isolated systems must be used
as well as highly accurate tracking and receiver stabilization techniques
in the case of transmitter-receiver relative motion. From the measured
amplitudes, the statistics of amplitude fluctuations can be established and
used in developing incoherent systems. Here care must be exercised in
receiver-transmitter alinement, as will be discussed in the section on

measurement analysis,

The data output of the experiment are sets of coefficients ici‘ .
For each sampling period (set member) there are four coefficients (31, cee

C4 . These values result from the four different combinations the light

- 22 -
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field at the photo detector has, due to the four different phase shifts. As
will be explained in the measurements analysis section, the coefficients
may be processed to give the phase structure function and log amplitude
correlation function. The processing may be accomplished easily with a

digital computer once the sets lci | are known from recorded values.

The experiment has been devised so that both spatial and temporal

statistics may be computed.

SUMMARY OF ERRORS

Phase Structure Function

Errors in measuring the phase structure function stem from many
factors. We 1list the main ones here,

Receiver Aperture Size - Because the sampling holes have a finite size,

there will be an uncertainty 2 D¢4>(IE ) in the measurement of the

phase structure function. The quantity r. is a characteristic di-

mension somewhat smaller than the diameter of the sampling hole.

Beam Splitter Inaccuracies - When the beam splitter does not divide
power in a 50/50 ratio but in the ratio %%i%%()sczs 1 the phase

structure function will be in error by the factor

2
2

o
O-b - 200526 (CLL(O) - CLL(P))
where B is the difference in the phase shift of the light passing
through the beam splitter and w/2, CLL(E) is the correlation

function of log amplitude. (See Appendix A for detailed analysis.)
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Differences in Channel Gain - when there is a constant gain difference
between the two signal processing channels of absolute gain g] and g,
there will be an error in determining the phase structure function by
the amount
ot = (—é-&)z (0, (©) - ¢ ()
g 2g LL ~ L P
where g ~ ng;EJ and C; o (p) 1is the log amplitude correlation func-

tion, and Ag = g, - g,

Detector Noise - When signal power and background power are present,

the phase structure function will be in error by the amount

62 _ (Ps + PB) e

n 2
Ps nT

where Ps and P, are the signal and background average power as measured

B
at the output of one photomultiplier, e is the electronic charge, n
is tubes' quantum efficiency, v is the integration time of the output

filter.

Inaccuracies in the Piezoelectric Phase Shift - If the phase shift
produced by the piezoelectric crystal is not exactly 90° and O° then

the phase structure function will be in error by

where € _ 1s a constant error in the phase shift produced by the

piezocrystal and €. is the random phase shift error produced by

the piezocrystal.
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Angle Tracking Error - When the receiver must be tracked by the trans-
mitter an error will be introduced into measurement of the phase

structure function by the amount

l\)/

Here N is the wavelength
P is the sampling hole separation
< 72> is the variance of the angular error in tracking as
T

measured over the total measurement time T .

Number of Measurements - The error in measuring the phase structure
function caused by the number measurements taken, n (the set of num-
bers lCil ) decreases with increasing n as it does with the other
random error terms, For example, if D$ & (P) is the measured value

of the correlation function, it is related to D ® ¢( ?p) by

Nl

2
. 20 (5)
Dy (P) =Dgy(P) £ {—f%‘—

as will be shown in Appendix B.
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Combining all the errors, the phase structure function

will equal

R R O L SO

3
(P, +P
2Di¢()+ s ) e +.3.<e>
PZUT 4 r
i' S
n-2

Log Amplitude Correlation Function

The errors in measuring the log amplitude correlation functions are

Receiver Aperture Size - A finite size aperture will cause an error
2DLL (ﬂ;) in the measurement of the log amplitude correlation function.
DLL (p) 4is the structure function for log amplitude and ré is a
characteristic dimension somewhat smaller than the diameter of the

sampling hole, It is not necessarily the same as r, in the measure-~

ment of the phase structure function.

Beam Splitter Inaccuracies - When the beam splitter is inaccurate in

both its power division and phase shift so that i ; Z ,0=a <1 |

is the ratio of power division and B is the Jifference in phase shift
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of the light passing through the beam and 7/2 s, then the average error

in Cry( P) will be

G e

and the variance wiil be

o

7% =% (o) - opy(®)

Differences in Channel Gain - If there is a difference again in

channel (voltage) gains, then the average error in CIJﬁ P) will be

_ Ag
<ALg> R

Detector and Background Noise - Measurement of the log amplitude func-

tion will depend on average background power as well as detector noise
caused by the present signal and background power. The average error

in the log amplitude function will be

élﬂ*’> ) ibps ’

where Py is the average background power and Py 1is the average

signal power

P, = K<A2> = K<A2D,
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K a power conversion proportionality constant. The variance in the

measurement will be

with (113) and (rlf) the average noise power due to signal and

background power.

Tnaccuracies in the Piezoelectric Phase Shift - When the difference
between phase shifts in the O and 90 degree positions of the piezo-
electric is composed of a constant term and a random term then the

log amplitude correlation function will have an average error

Cny =

and a variance

Combining all errors, the log amplitude correlation function

will be

Crr(P)= c¥(P)+2D . (r.) - sinB - Ag + €oc
LL c
LL IAL l; 1.1. L(z)l/z

c1y (0) + Cpp (P) + 2 (Kn2>+<n®>) + g_’ (o1(0) - Crp(P))+<ees :

N 8P, 32 S

n -2
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Let the fields at the points Xand X + p be given by A,NfZ sin (wt +d)1)

and A;/'Z sin (wt + ¢2) . Then the four combinations of the light field at

the surface of the two photomultipliers can be written as

c, = <(A] sin (wt + ¢,) + 4, sin (0t + ¢,) 2}

e, = {[a

1

1
ANIAN

)
sin (wt + ¢,) + A, cos (wt +¢2))2>T
)

< , €os (wt + ¢‘) - A, cos (wt + ¢,)

>

3

2
(Al cos (wt + ¢) + A, sin (wt + ¢2)) :>E

The braces < > indicate a time average over the sampling period. The
T

sampling rate is chwosen sc th

at the variations in A, , and ¢, , over
L Ty

this period are negligible; taking this average we have

— 1 4 2 1
Ch =34, +53
— 1 4 2 1
C, =3 A7 + 35
= 1 2 1
C; =3 A% + 3

These coefficients correspond

A2 + A4,
A2 + AA,
A2~ A4,

A2 - A A,

to average

cos (4’1 - ¢2)
sin (¢, - ¢,) (1.1)
cos (¢, - &,)

Sin (¢] - ¢2)

light intensities.

SID 65-1275



NORTH AMERICAN AVIATION, INC. SPACE and INFORMATION SYSTEMS DIVISION

From these expressions we obtain

C,~Cy _ sin (&) - 4)
C, - C,4 cos (¢, = ¢,) (1.2)
¢]2 = 4’] - ¢2 = ta.n_] C_Z_T_..C-A—
C, - Cs
and
2 2 2 2
(Ch =Cy) +(Cy =C) = LAZA,
Defining
2C= C, +C, + 0y +Cy =2(A7 +4,7) (1.3)
and (1.4)
LB = LAz A22
then (1.9

: 1
by o= Gs2]

From these quantities the spatial phase structure function D¢¢(§, x + 5) =
- — 2 .
<:K¢(x) - (x +'5)> :} and the spatial log amplitude correlation function

C.. (x, x+pP) ={1og A, (x) log 52&5_ig;>are evaluated.
LL A, Ag

It is only possible to determine the temporal log amplitude correlation
function from the recorded values when the sampling sequence is fast com-
pared to the rate of change of the amplitudes. For each set of {Ci}
values we see from (equations 1.3, 1.., and L5) that two amplitudes are
determined. At the outset it is not known which amplitude is which. How-
ever, when the correlation of amplitudes from measurement to measurement
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is high, the relationship can be established. It would otherwise be neces-
sary to rearrange the experiment in the following way. With one entrance
pupil closed the amplitude fluctuations at one location are determined as

a function of time. The temporal log amplitude correlation function

Crr(T) = <<}0g Av(T) 10z Ai(0) can then be evaluated. The temporal

A~ A_
S Ag A,
phase structure function

Do) = (015 0) = G+, 0) ((6,G7) - 02 (R +5,))

can also be evaluated, as long as it is possible to trace the phase during

evaluation,

Before we go into a detailed analysis of errors, some general considera-
tion can be made. Equation 1,2 shows that the calculation of the phase
difference does not depend on the light intensity at the two entrance pupils,
therefore it is not required that CA,”’> be equal to <A,2> . This is
not true as far as evaluation of the spatial (or time) log amplitude corre-

lation function
Crp (X, X+ 5) = <1og A, (%) log Az (x +P) >
A A
o (o)

and some thought must be given to measurements carried out under these
conditions. Suppose that becauss of the limited extent of the laser beam,
the average power density at two points was proportional to <{A,?) =
T2 A7 where ¥ is a function of the coordinates of the two entrance
pupils with respect to beam symmetry. Then three possibilities in the

measurement procedure are open to the experimenter. He can:

-7 -
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(1) Adjust the entrance pupil aperture so that the average power enter-

ing at both points are the same. Hence, average amplitudes are

the sanme,

(ii) Measure as is and determine

A2 = %<A,2 +A22> with
<A12> = <\I/2A22>
(iii) Measure as is and in addition measure
<A,2> Ay, and <A22> Aoy
or equivalently <A,> = Aon and <A2> = A02

i

In case (i),

o1

iD= {(v A2)2> = a?

¢y (5) =<1oq @_) Log <2L >>
02

with

so that
Cer (P) = <1o.q Ay 100 A2

1
A, A,

In case (ii),
2 2 2 2 2 2 2 2
Ay 2 A +a) tat 3 A A® -a," ta,

2 . 2
Here a,, are zero mean random variables, Ao2 and a, are constant terms.

- 32 -
SID 65-1275




NORTH AMERICAN AVIATION, INC. SPACE and INFORMATION SYSTEMS DIVISION

Then

So

With this the case, the measured log amplitude correlation function becomes

CI':\L (5) - %<l°g 4 a°2 + 3'12) log (1 - a’o2 = 322)>
2 2
A A,
This can be arranged to equal

2 2 2 2
%<[log (Ao2 +a, ) + a'02 ] [loq (A~ + 2 ) ]>
2 2 2 2 2
A°2 A +a A, A" +a,

2 2

a, a
by factoring (1 + f?_—t ;‘-;1) and using the fact that log (1 +€) = € for
(o] (o]

€ << 1.

Expanding the term E.z_}-—z and taking the ensemble average we have
) 272
s’

Moo= - 4 {a,? a2>
C p - C - an 1 2 o e
i (P) = 0y (F) PAT t LA

where Crpg, () 1is the log amplitude correlation function when <A12 > =

<A22> ; the equal power density or equal average amplitude case.
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In case (iii), the measured log amplitude correlation function can be
evaluated directly as
M A A
C (5)=<logi— log —2-
LL AO] A02

We must, of course, know which amplitude, A or A2 was computed from

equation 1.5.

In case a difficulty arises in deciding which value computed by
equation 1.5 is A, or A, it would be better to make measurements under
experimental condition (1). This is true even though condition (1)

required extensive calibration while (3) takes less time.

It should be obvious that higher order moments and estimates of the .
probability density functions of phase and amplitude could also be calcu-

lated from the coefficients {Ci}.

ERROR ANALYSIS

Phase Structure Function

General Analysis
The light intensities {Ci} of equation 1,1 incident on the PM tubes
cause currents which are amplified and recorded as the coefficients

{ci} which are represented by the following equations.

¢ = Clgl * glnd
02 = ngl + g]ncz

= 1.6
03 C3g2 + gznca ( )
c, = C‘g2 + gznc

4 |
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where g, and g, are the gains of the two channels and may include dif-
ferences in recording sensitivities, {nci} is a measure of the noise

associated with the values {c i } . From these measured quantities,

tan (ebl - ¢2) = tan ¢,, is calculated
tan ¢,, = 2 = %
1~ G

c, —¢C Ac, - AcC Ac, - Ac
(tan ¢,,) = 22— 2 L - ‘ 2 1.
12 C, - ¢, c, = ¢, c, - c, (1.7)
with
Ac = AC,g, +C.Ag]+g]n“
Ac2 = Ang' +C, Ag, + gn,,
(1.8)
Ac, = AC,g, * C, Ag, + g,n,
Ac4 = AC4g2 -i-CAAg2 +g2n“

The quantities {C i} depend on the phase angles ¢, ana ¢, ; &,

is influenced by the beam splitter and ¢, by the beam splitter and
the piezoelectric crystal, The effect of beam splitter inaccuracies
on the quantities { Ci } and the phase structure function calculation

is derived in Appendix A.

Now the error in ¢,, due to gain errors, phase errors and back~

ground noise will be calculated. The error in phase can be written

_35_
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Ad . = A (tan d>]2) cos? . (1.9)

The errors {ACi } can be related to errors in the beam splitter

phase shift and piezoelectric phase shift by

AC, = -AA, (6"/2 - eb) sin ¢,,
AC, = AA, (g, - €) cos 4, (1.10)
AC, = A, (ew/2 + €) sin &,
AC, = -AA, (6 + éb) cos &,,
Here eb is the phase error in the phase shift normally caused by the ‘
beam splitter which is m, rad.; €, and € are the phase
72

errors in the O and m phase shift normally introduced by the
2
piezoelectric crystal. Using equations 1.7, 1.8, 1.9, and 1.10, we

have

Ad, = sin ¢,, cos ¢, [A1A2 cos &,, (eb(g2-gl) +€°(g1+g2)+02Ag1—qu2+glnﬂ - gzn“)

2 4

+ 2 3

A A sing, (eb (gz-gl)+€n/l(g‘+g2)‘*c1 ag,-C. Ag,fgn, -g,n ) ]
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Using the fact that g, = g, and defining the changes in gain, A g,

and A g, , with relation to an average gain change Ag by
2Ag, sAg] +Ag, + Ag and 2Ag2 = Ag] + Ag, - Ag

Thus,

b

Ag = Ag - Ag,; also, g, - g, = Ag

Using equation (1.1) to substitute for the coefficients {ci} we

have,
_ 2 . 2 2 .
Mg, =€ cos &, + eﬂ/z sin® ¢, + ag A% + A7 (cos ¢, -sin ¢12)
2 24 &,
(n_ ~-n ) (n -n_) sin ¢ (1.11)
+ c2 c4 cos ¢ - cl c3 12
ZA A, 12 ZA A
1 172
where g t+eg
- 1 2
&~ 7=

The error caused by €, is missing because the coefficients {Ci}
have been taken as independent of @ and B , i.e., there is no
error in the beam splitter., If a more lengthy calculation is done
including this error only second order corrections are introduced
into equation 1,11. It is accurate enough to add the effects of the

beam splitter to equation 1.11 to give the total error.
The error terms themselves may be constant or random in nature. Ran-
dom components in the beam splitter and channel gain are not likely to
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be very great and will be neglected. Using the subscripts ¢ and r for

the constant and random components of the error terms we define

Gb = Ebc

€ = —e-Q—iz—GWL- + €, + €,
€TT/2£ —69—i2—€u/-2— - €. + €,
Ag = Ag,

n. 5 n;+n.+N,.

€n+ €
Here O—;& is merely a shift of the phase reference, n;;, Ny;

and N,; are proportional to the detector current fluctuation due to the
signal and background light and to the average current due to the back-

ground light, respectively. Using these relations and including the

error due to the beam splitter equation 1,11 becomes
Ady,= €+ € cos 2 &, + Ag A+ A, (cos ¢, - sin ¢, )
2 20 2 A, A,

+ €, (Sin2¢]2 + 0082 ¢|2)

+ .“’_342[(%2 +nbz +Nb2) - (ns4 +no4 +Nb4)]

2 A A (1.12)

- s8in ¢, [(ns, Ty, * Nb1) - (ngy + Ppy * Nba)]
Z A, A,
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Two other sources of measurement error are tracking error and the
error introduced by the finite area of the aperture (Reference?2),.
The first error results when the plane containing the sampling aper-
tures is not perpendicular to the tracking boresight. In this case,
if Y is the difference of the tracking angle from the true angle
then the error in measuring the phase difference ¢,, over the time
T is

2

2

or = (2_"8 )cr; . It is assumed that <Y), = 0,
A T

The second source of error has not been evaluated theoretically yet,

but its influence is introduced by introducing the term 2 D ¢¢(r ).
= c

Errors induced by the thermal and mechanical environment are not
included explicitly but they would cause changes in path length and
thus errors in the phase difference $¢,, . These errors could be

lumped into the beam splitter and piezoelectric phase errors.

Errors in gain differences may also be thought to be due to recording

or reading differences in any data processing device.

The phase structure function is defined as D¢¢(P) = <(¢1 - ¢2)2>,
where ¢, -, = ¢,, in D¢p is related to the measured phase difference
¢ by &,= é -<¢,';> , where qS:; is the phase difference introduced
by the equipment (different lengths of the two light paths from the
apertures to the interference point). Adding the tracking error A, and

the error due to a finite aperture Ad, to the errors A¢,,, there results

o+ oty a0+ anfy. vaing tho act thar,y - (ot = o,
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that<Ad>a> = 0, and that<Ad>t> = 0 for perfect tracking, the phase

structure function ng,(ﬁ), determined from the measured quantities

is
DoP) = DoolP) + (a8,7y + (a8, D* (84,7

Later we will add the effects of a limited number of measurements.

From the previous discussion
2 2 2 2
<A'|>a >= 2 Dy (rq), <A¢t > = (_2_1):3) <Y 2 ,

g

oD 5:;—:5 (CLL(°) - CLL(E)) * (Ag)z <CLL(°) ) CLL(E))

2
+ _e_g__& +"2‘<‘~,2>
2 (2)2 L
In doing this, the effects of average background power has been as-

sumed processed out and some higher order correlation terms have been

discarded. Their addition do not greatly affect the magnitude of

o)

The effects of average background power on the determination of the
{ci } may be eliminated by subtracting a term proportional to <Nbi>
from the coefficients {ci} . From now on we disregard the <Nbi>
terms. Since the measurements will be made at a large signal to
noise ratio, 5/N >> 1, the noise to signal ratio as obtained from
the last terms in equation 1.12 can be neglected except for the error
introduced by the finite number of measurements. Using these con-

ditions, the measured phase structure function is given by

- L0 -
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2

- M = o\ /2 ]
TpP) = Dagd?) -2 D‘N’(rc)-(%) - 2 (203
- %érz’) +[ a? 4 (Agg)] (CLL(O) - CLL(p)) &

2 cos?p

2
PB nT
[ n-2

Discussion of the Phase Structure Function Error Terms

2(5) + (P, +P)e A2
[D¢¢;p)+_a___b_ L IED
]

The beam splitter will have changing properties as it ages. However,
if « and B can be determined, compensatins adjustments can be made. It is
best to choose a beam splitter with o small. With 95% beam splitter
accuracy, Q-a) . .95 and o is about .025; the r.m.s. error in determin-

(1+a)
ing D¢¢ is about .017 rad, which is not large.

The inaccuracies of the piezoelectric in producing the path length
differences corresponding to O and 7/2 rad; and phase shift can be judged
roughly by supposing that the difference between O and 7/2 is in error by
p%, then the r.m.s. error in the phase structure function would be p/_Lé. rad.

from equation 1.12. To keep this error below .0l rad., p =< .025 rad.

To make sure that this error is minimized it would be necessary to
calibrate the displacement of the piezoelectric so that it moves only a
distance _\E_ A . This could be done by interference experiments using a
laser of the same frequency. To offset the effects of aging and slow
thermal or mechanically caused changes in the path length, the displacement
of the piezoelectric crystal could be electrically controlled, after the
interference calibration, by appropriate signals from thermocouples and

vibration analysis.
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The beam splitter and piezoelectric crystal do not affect the back-
round light because of its random phase difference and its zero coherence
length. The background power is taken care of in the analysis by treating

its amplitude as an independent random variable.

The error caused by the gain difference can also be estimated, the
A2 + A 2:> A
= 1 that th 2L = i Jn.S.
term _h—A]_A_zL so tha e term > 01 gives an r.m.s

phase error of ,005 radians.

For the error due to tracking we have that if P = ,5 meter and

A = 6328 A and we only want an r.m.s. error of 1 radian

0'Y = 6: 328 X lO-s
T 100

-7
= 2 x 10 radians; a very tight tolerance on tracking error.

The uncertainty in D¢¢ due to noise and to the number of measurements
of ¢,, available can be reduced somewhat by using a filter of time con-
stant T . This time constant must be much smaller than the time the
piezocrystal stays in its O and 7/2 radian positions so that fluctuations
in the variation of ¢, and ¢, are not averaged out. iwhen n data points
are available, the error due to the limited amount of data will be reduced
by _l_%. . From the standpoint of data reduction it would be easier to

(tn)
have n small and 7 as large as possible under the constraint mentioned

above,
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Log Amplitude Correlation Function

The log amplitude correlation function is defined by

log A, log A = Crr (3)
< o ﬁ> ot (1.14)

This can be written
£ log (A2 log (A,\I\ = C11 (5)
& hisk. =2 “Ap
< <Ao) (Ao) > (1.15)

Where we assume 4,2 = <A12> =<A22> . The quantities A;® and A, can

be found using equations 1.3 to 1.5. The error in (log A, log 4, ) is
Ao Ao
given by ° ©
a1 =k log hy +ak log &
A Ao A Ao (1.16)

The expression for the log amplitude correlation function is given

by

Ao ¥ 1

i=  k

(1.17)

= cry, (P)  (AL),

Here Al; 1s the i th error term.,

To compute AA; and AA, we use equations 1.3 to 1.5 again; then

- CAC - 2AB
LAy, AA, =ACE 12 B]‘/z
_LB..
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with

o
i
]\\'..4
—
~
(@]
I
<
N
~~
D
«Q
1
>
«Q
w
N
+
~~~
Q
N
|
(@]
'S
N~
~~
e
Q
N
1
D
(@]
N
S~
S—

[02-43]%= (A2 - a2)

C=A]2 +4.2

Substituting in these values we have

2 2
4A]2AA‘2=AC(A] - A,") + (CAC - 24B)
. ’

2 I >
= ac(A’-A" + (A7) % 244, (cos ¢, (AC,-AC,) + sin p, (AC,-AC,)

2 2
A] - A,

2 .
44 AA, = ACA" - 2A A, (cos ¢, (AC -AC,) + sin ¢, (Acz'AC4))

2 .
4A2AA :—ACZA2 + 2A]A2 (cos ¢]2 (AC]-AC3) + sin ¢,, (Acz-AC4 ))
2

2 2
A - A,
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The last two equations give

2 <2 i
an =1 [ac, (47 -4,4, cos 6,) + AC,(A,"-4,A, sin ¢,)
28, (A% A7) 2 .
LA AC (A"+A A, cos ¢12) + AC‘(A]2 +A,A, sin d)u)
(1.18)
2 .
ap o [4C,(8,2-A .4, cos ¢,) + AC,(a,"-A A, sin &)
foon, (a7-A7)

2 , 2 .
AC,(a, +A A, cos ¢12) + AC4(A2 +A A, sin ¢‘2)

When all the error contributions are treated at once s the calculation be-

comes volumneous. We therefore will treat every error separately.

The factors which contribute errors to the measurement of the log
amplitude correlation function are: a difference in channel gain, errors
in positioning the piezoelectric crystal, detector and background noise,
beam splitter inaccuracies, limited number of data and the finite size of
the sampling hole. The last error is taken care of by addition of the
error term 2 DLL (r:) which has yet to be evaluated theoretically. The
error caused by limited data is also added; it is discussed in Appendix
B. Beam splitter errors are derived in Appendix A while the other

errors will be evaluated here.
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For the errors caused by the piezoelectric crystal we have

AC =-AA GTT/Z, sin ¢12

AC2 = A, ¢, cos ¢]2 (1.19)
AC, = A, en/z sin ¢]2

AC, =~ A A, ¢ cos ¢12

0

ZACi

Substituting these values into equation 1.18 yields

A A
172 .
AA] =——;——;— (ETT/ - Eo) sin ¢12 cOoS ¢]2
A" -A 2
1 2
2
A A
A, = ——2- (€ - eo) sin ¢ cos ¢
2 A2—A2 T1'/2 12 12

For A Lp we obtain

2 2 . (1.20)
Alp = (A2 log %1 - A" log %L ) (eﬂ/2 - ¢ ) sin ¢, COS b,
2 2
© ° AT - A
The term €m, — € can be considered composed of a zero mean random
2
term €, and a constant term €ce Thus e -~ ¢ = Coe + €pr . Taking

/.
2.
the average of ALp by considering the amplitudes A,, A, and phase differ-

ences ¢, , independent
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2 A2 2 Al
. A, log gt - A logg \
Alp = —=~ since ” ; /z -3
4(2)= AT - A

and
‘sin ¢ PR =
sin cos ¢, = —
\ 2 ) 2(2)°
also
2
2 _ €pr
O’P 32

The contribution of the difference in gain can be found from

Ac. =C Ag,
1 1 1
with Ag1 = Ag/2
and Ag2 =~ Ag/2 where A g is the difference in (voltage) gain
Ag =g, -8

2

Then
1 |
An = [A12 (_t%g. (c, +02-Ca-c4))

2 2
28, (A, -A,)

Ag )
-AA, cos ¢, (2 (c,+C,)

~ KA, sin 6, (—%ﬁ (c,+¢ ))]
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Substituting for the Ci 's gives

1 3 .
A, = — - Ag AA,;" (cos ¢, +sing )
20 (a'-A,")
Likewise
AA = 1 - Ag A A (cos ¢ + sin ¢ )
2 21 12 12

2 2
2A, (Az -Al )

For Alg, the value

Alg = 2B (cos ¢ + sin ¢ ) A__:: log A1 A logA---2 (1.21)
12 “12 - .
2 ! A2 Ao A] Ao
A 2 - A 2

is obtained. Then

_ A
<ALg> —+7‘5

Next, the effects of noise are examined. The Acy 's are given by
Aey = gny where ny are the noise terms.

Since both detector and background noise are present, the result is

ae, =g (ng, +my, +Nbl)

ac, =g (nsz Ty, * sz)
ac, =g (nss + Ny, + Nb )

3

AC4 EEg(na4 ‘*'1'1b4 +Nb4)
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where ngj and n,, are the detector (photon) noise due to the signal and

background respectively and N , is due to the background power. The moments

bi

of like variables are taken as equal, i.e., <n sjn >= <ns n>
i L

Then for the AAi 's

AL, = 1 Af (= (n, + kN ‘)
1 - A 2) l_ 1 \i:] (nsi nbi T 1\lbil
2

Ap, = 1 I:Azz(z(nai+n +N ))
24, (A2 =A%)

+ - + -
A,Az(cos¢,2 (n_, n, to. nbl)

+ sing, (o, -n_ +n - nbz))]
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The error in the log amplitude correlation function is then,

log A, ‘4
AIh = Kg A'|2 2 (nsi + nbi + Nbi )
287 (A7 -A,2?) i=1
+ AA, [cos ¢” (n,, - n,, +n,, -n,)
+ sin ¢'|2 (n54 - n, tng, - nbz)
Al
log — o (1.22)
+ Ao A, = (ng +n,, +N,;)
28,2 (A,5-A,2) i=1

+ AA, [cos $,, (ny -n, +n, -n,)

+s8ing,, (n,, -n, + n, - nbz)]

Then <A L>=-Pb where P, is the average background power. It is sup-
posed that this can be compensated for so that it can be neglected in

other computations, then

2 _L )
% = 8, [63>+<13>]
2 .
P, is the signal power, P, =K <\, >= K <\:>, K a proportionality con-
stant, n? and nbz are the total noise powers due signal and back-

ground.

These errors have been derived for the case of equal average power;

for the other cases (cases ii) and iii) of the measurement analysis) it would
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be very difficult to find the exact errors. The treatment here is enough

to approximate the errors in any of the cases.

Combining all the error terms results in a value of CLL(p) is
- M - .
Crr, (3) = ¢pp (5) + 2 Dy, (re) - szn B +‘%g

+fee F [(sz (o) + 112 (p) +3 (< ns2l+<nb)2)
4(2)3 8
l n-2 (1.23)
+ﬁ": (CLL (o) - C11, (B)) + _6_2&)
2 32
n-2
- 51 -
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PHASE STRUCTURE FUNCTION MEASUREMENT - EXPERIMENT NO. 2

OBJECTIVE

To measure directlyr the phase difference between two points on the wave-
front of a laser bear in order to determine the phase structure for the beam.
This experiment affords a simpler alternative to the phase measurement of

Experiment 1.

EXPERIMENTAL PROCEDURE
Description

A laser bear is sampled at two positions separated by a distance p as
illustrated in Fisure 2. The optical frequency of one samrple is altered by
a rodulator, and the two rays are brought into interference, resulting in a
beat frequency equal to the frequency of the modulator. The phase difference
between the two rays at the optical frequencies is preserved in the beat
frequency. The phase difference fluctuation is then measured by means of a
phase detector used in conjunction with a phase-locked loop. The phase dif-
ference is recorded continuously, and by electronically squaring and smoothing
(averaging) the output, the phase structure function can be measured and

recorded directly.

Discussion
After averaging out terms with optical frequencies, the output of the
PM tube is proportional to

é(Af+A§) + AA; cos(uist +¢y)

where A, and A, are the amplitudes of the two incident beams, ¢, =¢,- ¢, is

the phase difference between them, and w,,;-is the (IF) beat frequency introduced
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by the modulator. In order to make the output of the phase detector independ-
ent of the fluctuations in A, and A,, the PM output is stabilized with an
AGC amplifier which keeps the amplitude of the cosine term equal to that of

the voltage controlled oscillator (VCO).

At the phase detector, the stabilized PM output is combined with the
output of the VCO., The action of the phase-locked loop causes the VCO output
phase ¥ to track ¢,, by reans of an error sicnal fed back from the phase
detector throush an amplifier and low-pass filter. The feedback loop is
tisht enoush to keep the phase difference ¥ -¢,; small so the error signal
is directly proportional to this difference. The output of the loop can be
shown to be proportional to d¢,,/dt , so an integrator following the loop
gives an output proportional to ¢,,. By squaring and averaging this output,

the phase structure function D¢¢=@;1>can thus be obtained.

SUMMARY OF ERRORS
Sources of error in this experiment include

Atmospheric Doppler - broadens the modulator beat frequency: the
frequency spread equals approximately a few hundred cps.
Receiver Aperture Size - causes uncertainty of magnitude Dgqg (T.),
where r. is a characteristic length somewhat smaller than the
aperture diameter.
Phase Tracking - phase tracking loop must be capable of generating
a sufficiently large tracking angle (typically on the order of
180 radians) and tracking rate (on the order of several thousand

rad/sec to avoid losing lock.
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Modulation Error - if the modulator frequency w changes at the
rate & with an average drift Aw, then the phase structure func-

tion will be in error by
T T 2
%—/ ”(Aw+ d)t)dt] dr (2.6)
where T ie the averaging time.
Loop Error - a random phase error @ . whose time rate of change

is 3. contributes an error to the measurement of the structure

function of
—,!l.-fT[fTéedtrdT (2.7)

Averaging Time - the time constant T of the circuit must be

large enough (on the order of a few seconds) to ensure sufficient
smoothing of the output to obtain a good average.

Signal-to noise ~ noise from the background and from the receiver

produces an error in the structure function of maenitude

29 (1+x)B (2.9)

nPg
where q is the electronic charge, n is the quantum efficiency of
the PM tube, B is the receiver bandwidth, and the signal power
Pg and background power Py are related by Pp=x F.
Angle Tracking Error - tracking of a moving target introduces

into the structure function measurement the error

_TL/TUTZ_{’ ph(t)at] ar (2.10)
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Combining the errors above gives for the phase structure function:

D¢¢(§) + D gap(r.)+ ';_f[ !T(Mﬁ;)'r.)dt]?dT ++!T[!T&)€dt]2 dr

3
+< 2q (1+x)B >: +_JT;_JT[!T_2{Lpédt]2 dv

nPg

where the subscript T denotes averaging over the time T.

ERROR ANALYSIS

This section examines the effects of various sources of error on the per-
formance of the measurement system. These sources exist both within the
system itself, namely the system component, and outside of it. The latter
group, which are taken up first, include the error effects arising from the
random phase fluctuations due to the atmosphere. Related considerations which
overlap both categories include signal-to-noise and angle tracking errors which

influence the measurement of the phase structure function.

Phage Fluctuation Effects
Atmospheric Doppler

The random phase fluctuations in the laser signal, produced by atmospheric
effects will appear experimentally as a frequency broadening of the beat fre-

quency .. oririnatine in the modulator.

The rms value of this frequency spread has been shown (Reference A ) to
be of the order of a few hundred cps for typical experimental conditions. To
ensure that the phase detector electronics pass a hich percentace of the signal
information, the desirn bandwidth should be several times this value, of the
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order of 2 or 3 kc, centered at w,; . An adjustable bandwidth to allow for

varying atmospheric conditions (which strongly affect the doppler shift) would

be a desirable feature.

Receiver Aperture Size

The size of the two collection apertures fixes the minimum uncertainty
in the measured phase difference, since the phase varies even over a small
aperture. The variance of phase uncertainty is given by the phase structure
function D¢¢,(rc), where r, is a characteristic length which is somewhat
smaller than the aperture diameter (See Glossary). Q¢¢(rc) depends on pa-

rameters such as path length and altitude and typically can have values of
around 1 [rad]2 . The phase uncertainty of the two apertures contributes

to the measured phase structure function Dgq{r,) the amount 2Dy (r,) -

Phase Tracking

Values of the phase difference ¢, between the two portions of the laser
beam may range as high as a few thousand radians, and the phase tracking loop
must be capable of generating a tracking angle ¥ large enough to cover this
ranze, if the loop is not to lose lock for large phase differences. However,
increasing the phase range also degrades the phase resolution (i.e. the min-
imum detectable phase difference), which should be approximately equal to
the phase uncertainty of the wave across the collection aperture. In addition,
if the ratio of phase range to phase resolution (a significant parameter)
becomes too large, some serious electronic design problems may ensue. A way
out of this trade-off dilemma is suggested by the intuitively evident fact
that extreme values of ®,, occur with very low probability, so that designing
the loop to accommodate them is not a practical necessity. In support of

this, it can be shown (based on the stochastic nature of the phase fluctuations)
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that the probability distribution P; of the phase difference is gaussian. It

follows that the probability that the phase exceeds aog4 1is
0
1 2 2y o
Py (aoy) =§F & exp (-¢ /204 ) do (2.1)
o

where %% is the standard deviation of ¢ and a is an arbitrary factor. The
rapid decrease in probability with increasing magnitude of the variable is
shown by the following representative values:

Pd& (lcrd)) = 0,68

P<D (2<r¢) = 0,05

Pq) (304)) = 0,003

RD (Lg,) = 0.00008

g,
[
An estimate of the size of oy has been made, which yields a value Og= 180
radians for an aperture separation of 0.%m and a 15 km path length under

typical conditions.

It is of interest to inquire into the probability that the phase differ-
ence actually reaches the value acr¢ during the time t associated with a
single measurement. To estimate the phase probability associated with a
measurement time, assume the rms value of the doppler frequency spread to be
500 cps (see the above discussion on "Atmospheric Doppler"). The corresponding
period, 1/500 seconds, gives a measure of the time between the random fre-
quency shifts resulting from the rhase fluctuations within the beam. More
specifically, half of this period can be taken to represent the "step time"
At of this random walk process. Thus At = () x (1/500) = (1/1000) sec.
Now during the time t of one measurement, the phase has approximately (t/At)

"chances" to attain a given value of ¢ . Hence, the probability Pt (ao-d))
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of reaching the value ao¢ during a single measurement can be expressed by

P, (aqi) = 1-]1-"Pyp (aq@) t/at (2.2)

where P¢is the time independent phase probability function given previously.

Taking t = 1 second, t/At is 1000 and Equation 2.2 gives the values

Pt (QtTd)) = 1
Pt (3%) = 0.95
Pt (lo&)) = 0,08

Equation 2.2 shows that the probability of reaching a given value increases
with increasing duration of the measurerent, thus implying the need for an
upper bound on t determined by the desicned phase range of the phase-locked
loop. Experimentally, the probabilities can be measured by simply recordins
the phase and subsequently analyzins its temporal distribution. Unless the
phase tracking becomes erratic, consecutive measurements should show the

same distribution.

As a final comment on this discussion of phase tracking, it is evident
that the rate at which the loop can track must be much greater than the rate
of change of the phase difference. A simple measure of the latter is given
by the rms value of the doppler frequency spread o, , which may be several

thousand radians per second.

System Component Errors

In this section, the errors associated with the system components will

be described.
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Modulation Error
For purposes of this error analysis, the frequency w of the frequency
modulator can be written
W = w,+ Aw (2.3)
where w is the nominal value and Aw is the average drift. As shown pre-
viously, the phase of the PM output is (Wt + ¢,) whose

time derivative can be written, with the aid of Equation 2.3,

dit (wt + yfﬂ ) = (v, + Aw) +°¢2‘ + ot (2.4)

=w, +%, + (4w + ot)
At the phase detector, the w , term is subtracted by the action of the
VCO, while the remaining terms constitute the input of the integrator, whose
output is supposed to be the instantaneocus value of ;62, . Thus, the frequency
stability requirement for the frequency modulator is expressed by the in-
equality

|Aw + wt|<<|¢52]| (2.5)

Since the error in the measured value of }g] is just the left side of
this relation, the error in the phase structure function resulting from the

modulation instability is

T, T »
%f[ﬁdw + u.)t)dt] dr (2.6)

where T is the averaging time.

Photomultiplier
The signal intensity variations orisinatins in the fluctuations of the
photomultiplier sain are compensated in the AGC amplifier which follows it

in the loop.

- 60 -
SID 65-1275




-

/
NORTH AMERICAN AVIATION, INC. | SPACE and INFORMATION SYSTEMS DIVISION

Amplifier and Filter Loop
The output V(t) of the amplifier and filter will have a random error
(a constant error would not contribute to the calculation because the inte-

gration will cancel it), which causes an error ®. in the measured phase

difference: [
jvdt =¢, +¢,

The resulting error in the phase structure function is<<¢€2:>

&jT [/:&dt]z dr (2.7)
To Yo

Me ¢

- dee
dt

where

Squaring and Averaging

The integrated quantity ®,, is continuously changing. It is squared
and smoothed to obtain an average. Therefore, the time constant must be
larger than the longest significant periods obtained by a frequency analysis
of the phase fluctuation. A time constant of a few seconds will probably
be sufficient, although a variable "constant" would be preferable so it
could be adjusted to the experimental conditions. By changing the setting
and monitoring the output, it should be possible to find a setting where the

output fluctuations are minimized.

Signal-to~-Noise
Noise in the signal channel produces an error in phase tracking. At the

output of the PM tube, the signal-to-noise ratio (S/N) is

2
s . " Pa’ (2.8)
N 2qn(Pg + P,) B
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where the internal noise is assumed to be the shot noise due to the current
in the PM tube and

P, = received signal power [watts]

Py, = received background power [watts]

N = quantum efficiency [amps/wattl

q = electron charge (1.6 x 107" coulomb)
B = bandwidth (cps)
Letting P, =xPg , Equation 2.8lbecomes
% = n PS (2. 82)

29 (1 +x) B
It has been shown (Reference 5) that the variance of ¢2] equals the recipro-

cal of the S/N ratio. Hence, from Equation 2.82:

RN

-2
Assuming a bandwidth B = 5000 eps and n = 2.6 x 10 la.mps/watt] (for an

S-20 photocathode), I, has the values for x = 0, 1 of
g = 2.5x 10~ Pe,_?5 (x=0)

and 0 = 3.5x 10”7 Ps'i‘ (x=1)

~14
A choice of 0p=1 [radia.n gives signal power requirements of Pg = 6.2 x 10

[watts ] (x = 0) and Pg = 12.3 x 107" [watts] (x = 1) corresponding to an

error in the phase structure function of O'd)z =1 rad]2 .

Angle Tracking

In order to measure the phase structure function over an up-or down-link,

the measurement system must be capable of tracking the airborne or spaceborne
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terminal. This tracking operation introduces an error into the phase measure-

ment.

The process of angle tracking does not involve an absolute "lock-on"
but rather a continual huntinz sequence in which the angular velocity of the
tracking sensor alternately "overshoots" and "undershoots" the target, so
that a relative angular velocity of small but varying magnitude exists at
all times between the target line-of-sight and the instantaneous direction
of the sensor axis. Denote this relative angular velocity by é . The
effect of é on the phase measurement is most easily seen by considering the
corresponding lead (or lag) angle B as in Figure 4 . Since the axis of the
sensor makes an angle B with the wavefront normal, it can be seen from the
figure that when one portion of a wavefront arrives at a point A (representing
one detector), at point B separated by a distance p (the second detector),
the same phase front is still a distance pf away, and the corresponding

rhase difference ¢,, is
_ 2m
by = 7 PB)

[ ]
Hence, the phase rate error ¢, is given by
[ ]

= AT
¢ 3 = .
€ X PB
and its contribution to the phase structure function is
T T . 2
lf /'zzpﬁ(t) dt| adr (2.10)
T9 o A

©
A representative value of ée:is obtained by taking N\ = 6328A, P = 0.5 m.

b = (gTzfo—-?) (0.5) p

4

IR

5 x 10° {3 [rad/sec] .

- 63 -

SID 65-1275



/o

[ /7AN
NORTH AMERICAN AVIATION, INC. U SPACE and INFORMATION SYSTEMS DIVISION

If ¢, is limited to 1 [rad/sec] , the restriction on B becones
|é| < 2x 10-7[rad/sec]
or |é| < 0.0L [égb/sec] .

This is a very demanding requirement.

Phase constant

Finally, it should be noted that the phase ¢ﬂ of the PM output signal
includes an unknown constant which arises because the plane of the receivers
does not in general coincide with the plane of the received wavefront. The
angle of tilt, (which is essentially the angle B of the previous discussion)
is not measured in this experiment, and so the resulting phase constant is
not known. However, since it remains constant during the experiment, it is
eliminated in the integration which generates ¢5] and does not influence the

evaluation of.D¢¢.

] Sensor
Javefront D—

Axis
Normal

///, ‘Angle of Tilt

,Anzle of Tilt

, Arrival Difference
Nistance

P8

T

Figure 4. Wave Front and Aperture Geometry
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AMPLITUDE CORREIATION MEASUREMENT - EXPERIMENT NO. 3

OBJECTIVE
To obtain the log amplitude correlation function for a laser beam after
transmission through the atmosphere, from irradiance measurements made at two

points within the received beam,

EXPERIMENTAL PROCEDURE
Description

The irradiance of the laser light at two points within the beam is meas-
ured by two photomultipliers (PM) which are separated by a variable distance
p as illustrated in Figure 5. To reduce background light and secure the
highest possible resolution in the measurement, narrow-band optical filters
are used in front of the PM's and the receiver apertures are kept as small as
the PM sensitivity permits. The outputs of the PM's, which are proportional
to the square of the light amplitude at the sampled points, can be processed
in any of three conceptually different ways to obtain the log amplitude cor-
relation function CLL(p),The three methods are designated by the letters a, b,

& c in Figure 5.

System a.

The outputs of the two PM-tubes are recorded for later evaluation.

System b,
The outputs of the PM-tubes are fed to logarithmic amplifiers, following

which they are multiplied and averaged.
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System c.
First the average values <AT> and <Ai> are formed. Then log A ,
log A, , log A, and log A,, are computed and the quantities (log A,- log AL)

and log A;- log A, ) are formed, multiplied together, and averaged.

The direct recording technique (System a) is a convenient and economical
procedure when computer facilities are available to process the data, and
also possesses the substantial advantage of versatility. In addition to CLL(p)’
other functions of interest can be evaluated, including <A/A‘> s <10g A/AO>

and higher moments, and the temporal correlation functions.

The other two systems require special calibration procedures which are
equivalent to setting the condition log (1) = 0. In System b., multiplication
with either log <(A‘/A]o )2>or log <(.A.2 /A20)2> must give zero output, since by
definition {(4,/8, ) > = {(4,/4,, ) D =1. An suxiliary smoothing circuit
and variable gain can be used to make the calibration. This is done for each
channel by increasing the time constant of the smoothing circuit until the
output fluctuations are eliminated (¢ A Y= A; ) and then adjusting the gain
until the output reads zero. When the calibration has been performed on both

channels, the averaged output of the multiplier is equal to CLL(p).

In System c, the calibration is accomplished by feeding to both amplifiers
of Channel No. 1 the same input, Afo and adjusting the gain until the output
is zero, as required by the condition (log A, - log A ) = 0. Repeating
with the other channel completes the calibration. The only advantage of this
compared to previous systems is that changes in the average PM-tube output are
automatically compensated, and no re-adjustment is required when the power

level changes. - 67 -
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SUMMARY OF ERRORS

The following experimental factors give rise to errors in the meas-
urement of the log amplitude correlation function:

Receiver Aperture Size - causes uncertainty of magnitude ZDLL(rc),

where r_ is a characteristic length somewhat smaller than the

c

aperture diameter.

Non-linearity of the PM-tubes - if the output of the PM-tube is

2
i =aP_+a, (P -(PS)2 ),

pm

where B, is the received laser power and a and a, are constant
1

coefficients, then the resulting error in CLL(p) is given by

. ,az . 2 2
- 2¢.(0) ({PS) - (P, ) ) (3.3)

Computation and Multiplication of logarithms - if the log compu-

tation is in error by ¢ , ¢, for channels 1 and 2, respectively,
and the associated multiplication settings are only accurate to

within a fractiona, «,, then the output is in error by

27

Gt plomnns) o
(¢}
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Background Iight and Internal Noise - if the background light

e

nT{P, +P )
then the resulting error in the measurement of CLL(;J) is

power is Pb and the relative variance of the noise is

t 2 /c,,(o) (Pathy ) . (3.6)
) (s 2

K
4
7\
[6)]
N

e

assuming P, « Ps.

Number of Measurements - the random error terms decrease with

increasing number n of repeated measurements according to the

relation

(3.9)

+ \/ ¢l (0) + ¢,2 (p)

n-=2
Combining the errors above, the value of CLL is

M Top A
CLL(P) +2DLL(rc) + <logA_ > (o, + a, + ¢ + ¢,)
o

+ [ 8 (21)2 ¢, (0) ((ps2> _<p85>+ C;L(o)”ﬁ(p)“* Crp (0P, + Pb> e

<:P§>2 nT

ERROR ANALYSIS

Errors arising from the finite size of the receiver apertures, the non-
linearity of the PM-tube, from the processes of forming the logarithms and
multiplying them together, from background and internal noise, and the dependence
of the experimental accuracy on the number of repeated measurements are discussed
in the following paragraphs.
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Receiver Aperture Size

As in Experiment No. 2 (Phase Structure Function Measurement), the size
of the entrance apertures determines the minimum possible resolution in the
measurements. The magnitude of this uncertainty in relation to the size of
Cllﬂp) can be expressed as 2DLL(rc) » where r, is a characteristic length

somewhat smaller than the diameter of the aperture,

Non-Linearity of PM-Tube

Experimentally, the only requirement on the PM-tubes is that they be
operated within their linear range, so that their output is vproportional to
the input light flux (power). The effect of a slight non-linearity can be
estimated by assuming that the output characteristic of the PM-tube contains

a quadratic term:

ipm = a,F +a, (B~ {Pe))
(3.1)

with 2

- 2
<61p%>— a,<<P§;>-+ a, C<?g;}-—<<P§:>)
where ipmis FM output current (amps), Pg is the received light power (watts),
and a, and a, are constants. Making use of Equation 3.1, noting that the
quadratic term is small in comparison to the linear term, the logarithmic

output can be written
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log |_Llem = lon | 21 Ts * 2, (P - <Ps)2)
B RN a, {Ps) + a, (<ps"’> _ <P3>z)

| = log

Lo Pie (B >’> (1 +az.gpszz¢s>’>-
P , a, <?§>

<1 pa? )( -2 - <Ps>2>
8, a, <Ps> .

g
<Ps?

Retaining only terms up through first order in the multiplication, and using

the approximation log(l + x) =~ x, which is valid for small x, this expression

can be further simplified:

r -

tor [ tgm | = 100 [Fo] + (u_z <;>-sPsz>
Gend D4 B

= log

<P r > S €D >

PS
&5 N AN

= log <§?"> + €
*) (3.2)

where € denotes the error term resulting from the non-linear component of the

PM output.
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The foregoing analysis applies equally to each receiver channel. When
the logarithmic outputs of the two channels are multiplied and averaged, the

result is

PS] PS2
G 5S €)) (108 s T )

=<log< s2>> <UI::S>> + (e log<<§:>> + € 1og< Psz>>+ € &) .

The average of the terms in the second brackets is approximately zero.

The error in Cry, (p), then, will be due to the variance in measuring the average.

Thus, the value of Cyy is,

it ) £ /<o + (e DDerz o) + (e, &)
M a"; a, 4
ciL (p) + \/8<(Ps - <PS>>7>CLL(O) + + [terms~<___> ]

a,

[

iy, (6) £ 2 22 ¢2Cu, ©(Cr> - <P),

the square-root term arising from the fact that the errors ¢, and €, are

(3.3)

random and independent of each other,

Togarithm and Multiplier Errors

Other errors arise from the operations of forming the logarithms and
multiplyving them together. If the log computation is in error by an amount
€ , and the multiplication setting is only accurate to within a fraction «

for each channel, the effect of these errors on the output is similar to that

A] > < A
= (1o
I LW

S,

of the PM tube, analyzed above, Thus, ta.king< log_ B2 >: <log
K20
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< logA‘_(l-*-O’])'i'E, log (1 +a,) + ¢, >
Ayo Azo
—_ Al A
=¢log ' log > (o, +¢,) log Az (a, +¢,) log >
Ay A Ky Ko

c1y (p) +<]_ogA > () +a, +e, +¢,)
(3.4)
which again consists of the desired output ( °1L (p)) plus an error term. The

errors o and « can be minimized by choosing high quality components and
then exercising care in adjusting them before the experiment. Their exact
value can be determined by calibration and actual measurement of the component

characteristics prior to the experiment.

Background and Internal Noise

When background power P, (not removed by filtering) is present, the output
of the PM-tubes is proportional to F, + P,. Since the background power results
from an extended, incoherent source (disregarding the unlikely occurrence
when an individual bright object appears in the field of view), while the
laser is effectively a coherent point source, the fluctuations in Pb may be
assumed negligible in comparison to the fluctuations in the signal power. If
a term N due to internal noise is also included, the computation of the

logarithm for either channel takes the form
log| B * PR tN] _ 10g [{ P+ TP, 1+ N
<is + Pb) (Ps > Ps + Pb

- log P +P, + N
P, + P, P, + P,
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where the apvroximation log (1 + x) = x (x <« 1) has again been used under
the assumption that N « Ps. Making the further assumption that Pb < Ps’

the evaluation of the correlation function can be written
log <PS i Pb)l Nl log (Ps " Pb)z N,
+

Py + Py <PS + Pb>l (P + P (Ps + Pb>2

: 2
= CLL(p) Ps> T2 CLL(O) ( PS ) >
CPs + Py | (Pe Py ) nrPs By

(3.5)

where N 2 e
+ T '
<Ps Pb> nrp_ Pb>
e = electronic charge

quantum efficiency

T = time constant
is the internal noise, the subscripts 1 and 2 designate the separate receiver
channels, and the average values in the last line are the averages of both
channels, The.correlation functions are those for the condition of no back-

ground light. To get this true value of CLL(p) explicitly, Equation 3.5

2
must be multiplied through by the factor [<< P+ Pb>) /(<Ps >>] to give

Crlp) £2 [ C1(0) <PS P °

<Ps > "T<Ps> (3.6)

Number of Measurements

In common with other experimental measurements, the accuracy of CLL improves

as the number of repeated measurements is increased. Defining the variance

2
3" of the products of log (A’/A10 ) log (Az/Azo ) by

-7l -
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2

2
Y = <[1og(A,/Am) Tog(A,/h ) = log(h, /) Toe(h,/0,00] " > (up)

It is shown in Appendix C that

3= c2(0) + ¢l (p) (3.6)

so that a number n of repeated measurements give for CLL(;>) a value:

e (p) + \F’EL“’) + S (o) (3.9)

n-2
When the averaging is done electronically, the same equation governs the
accuracy of the result, except that the number n is a function of the
averaging time (time constant) T of the circuit. The simplest procedure
in this case is to make the output directly visible on an oscilloscope. By
increasing 7, (first channel) and 7, (second channel) until the fluctuations
of CIIK p) are minimized (which can probably be achieved with a time constant
of the order of a few seconds), the accuracy of the measurement as a function

of the time constant can be directly observed.
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STATIONARITY TEST - EXPERIMENT NO. 4

OBJECTIVE

To test the stationarity of the log amplitude correlation function
Cr- ’5\ for a laser beam after transmission through the atmosphere, and to
measure the spatial wandering of the beam. A secondary objective is to

check the isotropy of Cyr (p).

EXPERIMENTAL PROCEDURE
Description

As indicated in Figure 6 a Fresnel lens intercepts the incoming laser
beam and is imaged by means of a field lens on the photosensitive surface
of a high resolution, rapid scan image tube (vidicon or orthicon). The
function of the image tube is to obtain "pictures" of the instantaneous
intensity distribution across the laser beam, as a function of time. These

pictures are taken at frequent intervals and recorded for later evaluation.

Isotropy is checked by making measurements for different directions of

the separation vector S .

Discussion

Stationarity, in the sense of this experiment, is tested by evaluating
Cr1, (g)from intensity measurements made at a given pair of points (separated
by (5) as a function of time, and comparing this with the value of Cyp (p)
determined from an ensemble average taken over the intensity pattern at a
given time. If the correlation function is stationary, the results of these

two determinations should be the same, to within experimental tolerances.
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In making these evaluations, the orientation of p is kept constant, since
isotropy is not assumed. The assumption of local homogeneity is necessary,
however, to allow the measurements to be made at different locations within

the beam cross-section.,

To test for anisotropy, a series of evaluations must be made at dif-
ferent orientations of § until a set of perpendicular axes is found with
respect to which the degree of anisotropy, if present, is a maximum. These
will probably be found to be the horizontal and vertical directions. Any
significant anisotropy should also be apparent from observation of the
shape of the intensity pattern, if the conclusions of the NBS experiment
described on page 80 are valid. According to this report, the discrete

elements of the pattern should be stretched out in one direction as a

result of anisotropic effects of the atmosphere.

Finally, it should be noted that several intensity pictures will prob-
ably be needed to provide a sufficient number of ensemble points to establish

a single, and statistically significant ensemble average.

SUMMARY OF ERRORS
Sources of error in this experiment are

Resolution Error - the width of the image tube readout beam limits

the resolution of the correlation function measurement to an amount
2D[J,(rc)’ where the '"characteristic length" r, as defined in the
Glossary and in this instance, relates to the size of the effective

apertures due to the images at the Fresnel lens of the readout beam

spot at the face of the image tube. .
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Amplitude Error - an uncertainty of magnitude AA in the measure-

ment of the light amplitude A causes an error of magnitude.

(24). ., <o ) 2 (1)

in the correlation function measurement, where n is the number of

repeated measurements.

Receiver Noise Error - contributes to the measurement of Cry (p)

& /log A 2
LnA%r( Ao> \/r:l (L.2)

the error term

where e = electronic charge
n = quantum efficiency of the photosurface of the
image tube
T = time constant of the receiver circuit

Background Light - produces an error which can be corrected by

multiplying the measured value of My (E) by the factor

Ps +Pb

) (£.3)

where P, and P, are the signal and background powers, respectively.

Variance of the Correlation Function - this has the magnitude

2 2
CLL (o) + Crr (p) (b.2)
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The combined effect of the above errors can be expressed

<5j:£) cry, (p,T) + 2D17(r ) ¢
P

B— 1

VA gl Qe iy vt @ et )

Accuracy Discussion

To aid in forming a picture of the effects being measured in this
experiment, the following brief discussion of an actual observation is
presented. A horizontal laser propagation experiment was conducted at the
National Bureau of Standards (References 6, 7 ) using a He-Ne gas laser
( A = 6328k) with a 4.5 inch transmitting reflector. The beam diameter

at a prescribed distance was minimized by focus adjustments. Under ordi-

nary atmospheric conditions, the beam diameter at a distance of 9 miles
corresponded roughly to a 10 arc second beam divergence. The detailed
structure, as seen on a ground glass screen, consisted of illuminated
fragments averaging roughly 8 by 3 inches, stretched out horizontally.

The sizes, shapes and numbers of fragments appeared to change over periods
on the order of fractions of a second. It was noted that the magnitude of
the bear wander appeared to be much less than the value of several beam
diameters reported earlier. As observed visually, the beam appeared to

remain rather stationary in position.

Because of the discrete structure of the Fresnel lens used in the present
experiment, a ring structure is superimposed on the image of the laser

formed on the faces of the image tubes. Since this spurious pattern is a
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hindrance in determining the true structure of the beam, its effect on the
measurement must be eliminated by designing the receiver so that the width
of the image tube readout beams are several times the spatial period of the
Fresnel structure at the tube faces., The optimum width for this purpose
would be (n + 1) times the period distance (n = integer), neglecting the
effects of intensity fluctuations. In general, however, the intensity at
a given point as measured by the image tube is subject to some degree of
error, and the corresponding light amplitude Ai at that point will be
uncertain by an amount AAj'. This uncertainty can be taken to include
the effect of variations in sensitivity over the face of the tube. The
magnitude of AAAi can be formed by illuminating the Fresnel lens uniformly
and observing the variations in the output over the surface of the tube.

For a high quality vidicon or image orthicon, however, this effect should

be small,

ERROR ANALYSIS

Resolution Error

Since the irradiance varies from point to point on the laser wavefront,
the intensity sensed by the image tube is an averaged value of that portion
of the wavefront "seen" by the readout beam, and as a result, the derived
values of the structure functions and correlation functions are somewhat
uncertain., This uncertainty can be expressed as the structure function
2 DLL(rc) for a‘characteristic distance r,, the factor 2 being due to the
combined effect of the two effective apertures which are the images at the

Fresnel lens of the readout beam spot on the face of the image tube.
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Amplitude Error

As stated above, the measurement of the amplitude will be uncertain by
an amount AAi. The effect of this error on the computation of the log
amplitude correlation function is described by the following equation:

<(log ﬁ_ + AAI) (1og A2 + AR )>

2
Ao A1 Ao A2

A A AAl A2 AA2
<log ] log| -2 > + < log | — > +<
AO AO A A A

It

Al AA‘ AA
o (2 Ppr e 2
A A A7
o

AA A AA A AA AA
< el e Gy Qo 1 1 Gty O Sy
. (o]

In the last expression use is made of the fact that the uncertainties in
AA, , AP, , are independent, zero-mean random variables, so that all terms
but the first are zero. Hence, the conclusion is that the averaging pro-
cess is unaffected by the errors in Ai. However, the uncertainty of
CLL(p ) does depend on the number of measurements n used to calculate it.
From statistical theory, the rms error term, which is proportional to the

standard deviation of the amplitude is easily found to be

AA A 2
() s C1og Ao> |/ n-2 (1.1)

Receiver Noise Error

when the presence of receiver noise is taken into account, the analysis

is similar to the above calculation with AA.i , and leads to the same con-
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clusion, i.e., that the average value of the correlation function is not
affected (as long as the noise level is reasonably small). The magnitude
of AAn arising from the noise depends on the time constant 7 of the
receiver circuit in the following way. If io is the average value of the
output current i, e is the electronic charge and i = ”ﬂA2 where 7 is
the quantum efficiency of the photosurface and A~ is the intensity of the

incident light, then

2
-1y _
« 2 1 T
1o
(AL Yy _ e
Ao4 77A02 T
AA.n _ / e
A Vl¢ﬂ AT
o/ Irms (o]

and the standard deviation of CLL due to receiver noise becomes

— A 2
e <log T> T n-2 (r.2)
l‘ L AT °

Background Light

When the background light is not negligible (but still small in com-
parison to the signal strength), the measured correlation function can be
corrected to its true value in the absence of background by multiplying by

the factor

s b (L.2)
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where Py and Pb are proportional to the signal and background power,

respectively.

Variance of Correlation Function

Finally, the variance associated with the evaluation of the log ampli-

tude correlation function was shown in Experiment No. 3 to be equal to

cp(0) + CL(p) (L.L)
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SPECTRAL SPREADING MEASUREMENT - EXPERIMENT NO. 5

OBJECTIVE
To measure the frequency spreading Af of laser light transmitted
through the atmosphere, resulting from fluctuations in the refractive index

of the air along the transmission path.

EXPERIMENTAL PROCEDURE
Description

The transmitted laser beam, as shown in Figure?7 , is split into two
beams of equal intensity which are transmitted over paths having equal
lengths and which are sufficiently separated from each other so that there
is no correlation between the refractive indexes along the two beams. By
use of a frequency modulator, the frequency of one of the beams is shifted
by an amount w, . After reflection from identical corner reflectors, the
two returning beams are combined and focused on a single PM tube. The
resulting beat frequency between w_, and Af is measured with a conventional

frequency analyzer.

Discussion

The phase of the PM output is given by wt + ¢2](see the discussion
of Experiment 2), with the corresponding frequency w_, + éz;' &2] is a
random variable which describes the instantaneous frequency shift Af
caused by the refractive index fluctuations of the atmosphere along the
transmission path. Specifically, the variance o’ of Af is calculated

f

from the measured frequency fluctuations according to the relation
2 _ %2
A
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To determine the effect of laser frequency drift on the determination
of Af , a measurement should be made with one of the two paths slightly
shorter than the other. If the variances < f2> of the frequency spread
measured for different values of AD; are plotted on the same graph with
the curve for AD = O then the vertical separation <Af2> between the
AD = 0 curve and the curve for A D; gives the variance of the laser fre-
quency drift during the time interval zsti = z:Di/c corresponding to the
difference z&Di . A plot of these values then yields a curve of the vari-

ance of the laser frequency drift as a function of time.

SUMMARY OF ERRORS

Factors affecting the accuracy of the frequsncy spreading measurement

. include

1. Path Distance - the dependence of the frequency spread ¢,, on the

length of the light path is expressed in the relation

(2> ~ 2(2p - D, + 2D ) (5.1)

where 2D is the round-trip geometrical path length from the transmitter

to the corner reflector and back to the receiver, D, is the segment of

c
path in front of the PM tube which is common to the two beams, and Dr
is a path distance in the region of the corner reflector where the beam
passes through the same (and therefore correlated) refractive index
fluctuations twice. Since Dr is indeterminate, the path ambiguity

must be avoided by either blocking out the center (correlated) region

of the corner reflector, or else using separate plane mirrors in place
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of the corner reflectors, depending on the experiment geometry. A test
measurement to confirm this hypothesis is recommended before under-

taking either of these modifications, however.

2. Amplitude Fluctuations - these give rise to a spurious power density

spectrum which could obscure or degrade the frequency spreading mea-

surement., This effect is expected to be small, however,

3. Laser Frequency Drift - can be determined from measurements of the

frequency spread for equal paths and unequal paths, according to the

relation

<f2> drift = <(f - fa)2> unequal ~ <(f - fa)2> equal (5.2)

L. Receiver Noise - adds to the power spectrum P(w ) of the received

signal the term

2q° p&B,
where q = electronic charge
7 = quantum efficiency of the PM tube
n = number of photons/sec of frequency v entering the
receiver
B, = bandwidth of the receiver (cps)

ACCURACY DISCUSSION
The effects of various experimental factors on the accuracy of the

measurement are briefly described in this section.
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In regard to errors in the frequency fluctuation, no special precau-
tions are required in setting up the experiment. Stable frequency modula-
tion sources are available, while errors in the alignment of the equipment
affect only the power levels, not the frequencies. Finally, frequency
drifting of the laser is eliminated by making the two light paths equal in

length.

One factor which affects the power levels is the size of the receiver
aperture. The amplitude of the fluctuations resulting from atmospheric

effects decreases with increasing size of the aperture.

Probably the most difficult task encountered in setting up this experi-
ment is that of accurately determining the path length. The segment of the
light path lying in front of the PM tube is common to both light beams and
hence induces no phase difference fluctuation between the two beams. In
the vicinity of the corner reflector, however, conditions are more compli-
cated. As mentioned in Volume I of the Task II report, (Reference 1)
the variations in the index of refraction from point to point are not random
over the short paths traversed by the light undergoing multiple reflections
at the corner reflector., The corresponding frequency fluctuations therefore
depend on this path distance, D through the relation.vfzi;—, rather than
VG;_ , as for the remainder of the laser path. Specifically, if the
geometrical path length from the transmitter to the corner reflector and
back to the PM tube is 2D , while D, is the path in front of the PM ﬁube,
and Dr is the path in the region of the corner reflector where the beam

passes through the same density (index of refraction) distribution twice,
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then the total optical path length can be written

2D - Dc - 2DC + hDr = 2D - Dc + 2Dr

where the term.LLDr accounts for the fact that the light passes twice

through an area having the same atmospheric disturbance.

Then the dependence of the frequency fluctuation for both paths becomes

(62> ~ 2( -1, + ) (5.1)

Since D, is undetermined, an irremovable systematic error is introduced
into the results when a corner reflector is used in the experiment under

the conditions described.

At least two possible remedies for this problem are available., First,
if the width of the corner reflector is several times greater than the corre-
lation distance of the refractive index fluctuations (which might be around
a few centimeters, depending on the range and choice of path between the
transmitter and corner reflector), and if the receiver aperture lies within
the near field region of the beam emerging from the corner reflector (given
approximately by dz/A_ , where d is the diameter of the corner ref]ector),
then the indeterminacy in D can be resolved by blocking out the center region
of the reflector to a radius greater than this correlation distance. By
this process, the corner reflector becomes, in effect, an ordinary array of
separate plane mirrors for which simple ray optics considerations are suf-

ficient.
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Of course, the experiment cannot always be scalsd in such a way that
the above conditions obtain, and even when they do, the simple modification
described may not suffice to avoid the indeterminacy if more than one
reflector is required. In such cases, the advantages of using corner
reflectors may have to be sacrificed in favor of an arrangement of large,
plane mirrors (of good optical quality), such as that depicted in Figure 8,
which completely eliminates these complications, at the cost of some extra

effort needed to ensure proper alignment of the mirrors.

Before resorting to plane mirrors, however, a series of actual test
measurements with a corner reflector place at several distances should be
made to confirm this hypothesis. If the deviation from the Vfﬁ- law turns
out to be unmeasureable, then the experiment can be considerably simplified,

with no loss in accuracy, by using corner reflectors.

ERROR ANALYSIS

Amplitude Fluctuations

The output of the PM tube, given by
3 (Ale) + A2(8)) + A (804, (8) cos @t + b))
is centered around the modulator frequency w_ . Random fluctuation in the
phase difference ‘bn induce a frequency spreading of magnitude Af which
is proportional to the time rate-of-change byy e Af is therefore a random
variable which is measured by determining its spectral density distribution.
But, as indicated above, the amplitudes A, and A, of the two portions of the
laser beam also vary with time, and thus also give rise to a power density

spectrum which is equal to the cosine transfer of the auto-correlation
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function of the amplitude product. Indications are that the frequency
spreading due to the amplitude fluctuations is much smaller than the
spreading caused by the phase fluctuations, so thaf the effect of the
former can be disregarded. This assumption should, however, be verified by

comparing the results of Experiment No. 6 (Power Fluctuation Measurement).

Laser Frequency Drift

The variance of the frequency spread, < (f - fa)2 > is determined
by the turbulent air, and when the two path lengths are unequal, it is also
affected by the average drift of the laser frequency during the time
At = AD/c associated with the path difference AD (c is the velocity
of light). To measure the laser drift, the frequency spread must first be
measured for equal path lengths, following which a series of measurements
for several values of AD is made. The rms laser drift frequency is then
obtained by subtracting the variance for the equal path measurement from

the value for the unequal path:
2 2 2
<f > drift = <(f - £,) > unequal <(f - fa) >equal (5.2)

Noise
Finally, the effect of noise in the receiver channel is to add a term

2q277 nB, to the power spectrum of the received signal, where

electronic charge

aq
N = quantum efficiency of the PM tube

o]
i

number of photons/sec of frequency p entering
the receiver
B, = bandwidth of the receiver (cps)
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POWER FLUCTUATION MEASUREMENT - EXPERIMENT NO. 6

OBJECTIVE
To measure the received light power and its fluctuations as a function of

the aperture size of the receiver.

EXPERIMENTAL PROCEDURE
Description

As shown in Figure 9, the incoming laser light is captured with a re-
ceiver of large and variable aperture. The light power P is measured with a
PM tube, amplified and recorded for later evaluation of (I, <P2>> and the
power (frequency) spectrum P (w). The results of the experiment can be com-

pared with the theoretical values given in Task I, Volume 2 (Reference 8 ).

The entrance aperture has sun shields and light baffles to prevent any
stray light from entering the FM tube. The entrance aperture can be changed
by using a series of discs of varying diameters, Provision must be made to
calibrate the PM tube with a standard light source. Finally, the recorder
must have sufficient bandwidth to accomodate communication frequencies (bit

rates).

Discussion

As will be explained in detail later under ACCURACY DISCUSSION for this
measurement, the experiment should be performed under conditions when CLL(")
is known, either by establishing a correlation with meteorological conditions
existing at the time of a previous measurement, followed by & spot check of

C11(p) , or by a complete re-determination of Cyj, (p) at the time of the

experiment. In the former case, § pair of counter-rotating discs with pinhole .
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apertures is suggested for making the spot check, A secondary experiment is

recommended to determine whether or not the total beam power fluctuates in

time, For this measurement, the receiver aperture must be greater than the

total width of the beam.

Except when the effects of background light are being assessed, this

experiment is best performed at night.

SUMMARY OF ERRORS

The variance for a single measurement of the power fluctuation

is the sum of the following two components

Relative Variance of the Power Fluctuations - given by
: 2
o= (B -%%2’ <<_Pm2 (6.3)
P\ <?s>§
where P, is the total measured power and P is the

true signal (laser) power.

Signal-to-Noise - given by

- 1 6.82
2(S/N)R ( )

where (S/N) is the signal-to-noise ratio at the receiver,
and R is the ratio of total photons/sec to signal photons/
sec, In the frequency domain, the noise error term to be

added to the power spectrum P (w) is

o

o

- 1

T (6.92)
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where Ro and B, are the bandwidths of the receiver

and the frequency analyzer, respectively.

The total variance in the value of the power fluctuation determined

from n measurements is

where o ? is the sum of Ay and A,

ACCURACY DISCUSSION

In this experiment, it is important that the value of the log amplitude
correlation function Cry (p) be known at the time of the measurement, because
correct interpretation of the experimental results hinges on comparison with
a theoretical model which is based on this function. Although a concurrent
measurement of Crr (p) is necessary for a strictly rigorous determination
of the intensity fluctuations, the additional experimental complications in-
volved prompt search for ways of getting around this requirement, even at the

cost of some loss of rigor in the result.

A suitable alternative is the following. Since the log amplitude
correlation function is dependent on the local atmospheric conditions pre-
vailing at the time of the measurement, the chances of the same Cyr (p)
occurring are greatest when the atmospheric conditions are similar, Thus,
it may be possible to obviate the need for a complete repeated measurement of
the correlation function by choosing a day on which the conditions are similar
to those existing at the time Cry (p) was measured previously, making the

simple spot check described below, and if the check evidences the same Ct1 (p),
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then prcceeding with the experiment. If the previous measurements of Cr- (p)
were made several times under a variety of conditions, the chances of one

of these "data points" repeating on & given day will be improved., Of course,
the two experiments must be carried out over the same optical link to eliminate
variations due to change of location. In this connection, it should be noted
that the value of (7~ (p) cannot be extrapolated from one set of environ-
mental conditions to &nother, since there is no way of knowing which of the
several possible parameters (or combinations of parameters) caused the change,
or the extent of the resulting change. Hence, if a correlation with previous
measurements cannot be found, the only recourse is to completely re-determine

Crr (p) &t the time (and location) of the experiment,

A spot check of Cy1 {p) can be easily made with the aid of a pair of
disks having identical pinholes at the same radial distance p/2 , the disks
being placed coaxially near the plane of the iris (aperture stop). By counter-
rotating the disks at a constant angular velocity (e.g. with a constant speed
motor), the incoming light will be transmitted once per revolution from each
of two points separated by a distance p . From the data thus obtained
Cry (o) and Cp; (p)  can be evaluated and compared with the previous
values., If & correlation with one of these is found, then that value may be
assumed to hold for the experiment. The same check could also be made by
masking the entire aperture except at two points separated by & distance p
and alternately measuring the light from each by means of a strategically

placed rotating disc which alternately cuts off each of the rays.

An additional point of interest is to determine if the total power in

the beam remains constant (with time varying spatial distribution), as has
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N

| been implicitly assumed in the analysis, or whether, as reported recently,
(Reference 9 ) the total power fluctuates in time. (Such an effect could

be due to longitudinal variations in air density along the transmission path.)
This check can be easily made by designing the experiment geometry so that
the receiving aperture is larger than the total beam. If reflecting optics
are used, allowance must be made for the small portion of the beam which is

obscured by the center reflector.

ERROR ANALYSTS

Power Fluctuation

The instantaneous measured power P_ is comprised of both the signal

power P and the background power P, :

o P =7 4P

m b b
or P =P - P . (6.1)

From this relation it follows that

D =D - 2B EOFRD (6.21)
Fy =Y -2 TR (6.22)

Since the background power is due to an extended, incoherent source, while

the laser is effectively a coherent point source, the fluctuations in P,

will be negligible in comparison to the fluctuations in P, , so <P;,2> -

&y >2:o
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and the relative variance o ? can b» written. using Equations 6.21 ard 6.22,
Ll DY G-y
TE T T
CaD -y Y
oy ¢y

A A % (6.3)

2
since U'm2 = <Pm2> ~ <Pm> .
&Y

i

Now g, m2 and <Pm>2 can be calculated from the recorded measure-
ments of P, while <PS>2 can be evaluated from Equation 6.22 , where
<Pb> can be measured by simply turning off the laser transmitter

( <P$> = 0) . Hence, by means of Equation 6.3 , the (normalized)

fluctuations in signal power due to the atmosphere can be determined.
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Signal-to-Noise

The light intensity being recorded in this experiment is proportional to
the output of the photomultiplier which contains, in addition to the desired
signal, a random component due to the shot noise originating in the PM itself.

This current fluctuation is given by

2
2 { - i 1
o - (¢t 215)> -4 = _1 (6.1)
i iST nn.
where cri2 is the relative variance of the output current i with respect
to the average current is s Q@ is the electronic charge, n is the quantum

efficiency of the photosurface (electrons/photon), and n is the average
number of photons received during the sampling time T . The latter is
‘ effectively the time constant of the receiver circuit. In this expression
i s is assumed to remain substantially constant during the sampling period
T . Actually, i, 1is not a constant, but varies slowly over a character-
istic period T which is much greater than 7T ., Since T is a design
parameter, it tan be made great enough so the above stability condition on
iS is assured, without at the same time being so long as to "wash out"

the intensity fluctuations being measured.

If the long term (t > T) average of i is denoted by i, , i.e.
<is> =1, ‘then, using the fact that the output current i is pro-

portional to the received power PS which produced it, the variance of i s

can be written

o 2= <(is - io)z> <isz > - io2 B <PS2>- <Ps>2 - o 2
. is ioz i02 - <Ps>2 ps
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The measured instantaneous power P 1is proportional to the total output
m
current, i, which is comprised of both iS and the shot noise current (i - is).

Hence, using the defining relation <i - is> = 0, together with Equation 6.4,

D D (lhra-n[> &> <<1-1>>
&y o '

]
'.J
S|
AN
7\
'_J
@ N
Vv
+
\
’.h
)
AV
=
|0
_‘
~——

which can also be written
&) -y D S ()
2
<P \ <Pm>2
or, after rearranging
<Psz) - <Pm>2 (Pm2> - <Pm)2 _ <Ps>2 a (6.5)
¢ Pny <Pm>2 Y i
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But

Gomry 0 D <D

so Fquation 6.5 becomes

D S e - S
&y o

where

e =2 __1 (6.6)

The "error term" of Equation 6.6 can be expressed in & more meaning-
ful form by introducing signal-to-noise (S/N) considerations. The applicable

S/N expression in the absence of background noise is

=

2 M (h.71)
N 2Bo

where the noise in this case is the shot noise of the receiver.

With background noise present,

S5_ mng (6.72)
N 2Bo(ﬁ7775
where 1 = quantum efficiency of the PM
ES = Py/ny = number of signal photons/sec of frequency v entering

the receiver
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ET =  total number of photons entering receiver in time 7 ,
ie., n, = AgT
7 = sampling time
E, = receiver bandwidth (cps)
Making the substitution n, =n./7 and assuming the low-pass filter con-

dition B 7 =~ 1 Equation 6.6 can be written with the help of Equation 6.71,

) (no background) (6.81)

Similarly, letting n,/r = Rﬁs for the background case, where R is the ratio

of total photons to signal photons, Equation 6.72 can be written

s _n@/m) (YR A, (Bor = 1)
N 2B, /1 ~ 2R? °
or
2
A= (s/n) &
"

Hence, the error term becomes, for this case,

1 = 1
nf, 2(s/N)R?

(background present) (6.82)

which reduces to Equation 6.8l when R = 1,i.e, when the signal flux

equals the total flux,

Power Spectrum

The bandwidth B, of the frequency analyzer used in evaluating the
power spectrum of the signal fluctuations must be much narrower than the low

pass filter bandwidth B~ of the receiver. When the signal-to-noise ratio
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is calculated by means of the frequency analyzer, the following equations,

corresponding to Equations 6.71,2 and 6.81,2 apply:

Nw 2ZRT B

R

a
. -2
B 2
NJ. ‘ = =
VT w ZBo\nT/T, Ba
and 2

o S
() 2
<C%n nn,

(no background) (6.91)

(no background) (6.92)

B, (6.10)

oY 2(s/MR? B_

When the power spectrum Pm(a)) of the measured power is calculated, the

result will include a component of magnitude 2nq2Ba(ﬁT/T ) due to the

receiver noise, and this term must be subtracted from the total to obtain

the true signal power spectrum Ps(u)) .

The order of magnitude of the fluctuation frequencies (power spectrum)

to be expected can be inferred by comparing known star scintillations which

have frequencies ranging up to 1000 cps, with & mean value around 100 cps.
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HETERODYNE EQUIVAIENT MEASUREMENT SYSTEM - EXPERIMENT NO. 7

OBJECTIVE
To measure the average irradiance at the center of the image of a focused

laser beam, as a function of the diameter of the entrance aperture.

EXPERIMENTAL PROCEDURE
Description

The transmitted laser beam, Figure 10, is received with a collector of
larce and variable aperture. The diffraction pattern appearing at the focus
of the collector is magnified by a field lens of hish power and ima~ed in the
plane of a pinhole which forms the aperture of a PM tube. The optical desisn
is such that the width of the pinhole is less than about 10 percent that of

the image, so that only the 1light flux contained in a small area around the

center of the image is measured by the FM tube. After performing the cali-
bration measurement (described under "MEASUREMENT ANALYSIS") using a local
standard source (which can be the laser transmitter itself), the received
power is measured for a series of receiver apertures of varying but known

sizes. The size of the pinhole must also be accurately known.

To average out the intensity fluctuations caused by jitter (angular
fluctuations) of the imase, the time constant of the receiver circuit should

be on the order of several seconds.

Digcussion
The theory discussed in Reference 1 asserts that the heterodyne effi-

ciency of an optical heterodyne detector is proportional to the ratio of

the average flux density at the center of a focused laser beam in the presence .
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of optical abberations to the same quantity in the absence of abberations
(the "Strehl definition"). By measuring this ratio with a diffraction-limited
optical system (including the laser optice), the effects of atmospheric

"abberations" alone can be extracted and compared with theoretical predictions.

SUMMARY OF ERRORS
Errors in the measurement can arise from the following experimental
factors.
Beamwidth - must be sufficiently greater than the size of the re-
ceiver aperture to ensure that the local average irradiance does
not vary significantly across the aperture.
Pinhole Size - must be accurately known and must be kept constant
(free of dust, etc.) during the measurement.
atio of Pinhole Diameter to e Diameter — must be less than 0.1
to minimize errors in determining the center irradiance H., of the
imarge.
Opticg - must be diffraction limited
PM Tube - must be operated in its linear range at all times. An
attenuating filter should be used when measurements of total power

P are made with the pinhole removed.

MEASUREMENT ANALYSIS
Irradiance Distribution of the Focused Beam

Since the irradiance of the focused laser beam is not uniform over the
focal plane of the receiver (where the pinhole and FM tube are located), the
value of Hr = Pr nr2 , obtained by averaging the measured power Pr over the

area of the pinhole is less than the true center irradiance Hro required for
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the heterodyne equivalent measurement. The needed correction to H,. can be
found by considering the irradiance distribution of an Airy disc, which de-
scribes the focused spot produced, according to theory, by an aberration-

free optical system in the absence of atmospheric distortions.

If H (P) denotes the irradiance of the Airy disc, then

2
H(P) = <2 J;fp)> Hy power/érea] (7.1)

where P is proportional to the radial distance from the center of the disc,
Jy is the first order Bessel function, and Hy, is the irradiance at the
center of the disc. By integrating 7.1 , it can be shown (Reference 10)
that the fraction P of the total power in the diffraction pattern which falls

within a radium r measured from the center of the Airy disc is given by the
expression

X 2 2
P(x) =] (.2_‘7;)_(”)_> 2npdp = 1 -J.°(x) - J, (x) (7.2)
0

where J, and J, are the zeroth and first order Bessel functions and the

variable x is related to r by

x = (277'/)\) a (I‘/R]) ’

with
A = wavelength (7.3)

a = radius of the aperture

=}
]

Rf,/’f2 where R, f and f, are the optical parameters
defined in Figure 11 .

A sketch of P(x) is shown by the solid curve of Figure 11 ; the dotted

curve shows the power received in the special case when the irradiance has
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a constant value H, over the entire extent of the pinhole. From consideration
of these curves, along with Equation 7.2, it can be shown (Reference 10),

that the irradiance H, at the center of an Airy disc is related to the ir-
radiance H, averaged over a finite circular aperture symmetrically positioned

at the center of the pattern, by the expres